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I. Notes on the Construction of a Colour Map. 
By Watter Batty, 1.A.* 


1. In my paper on this subject, read before the Physical 
Society on April 8 last t, in discussing the method of plot- 
ting out the curve giving the mixtures of two spectrum 
colours, I stated that points in the curve lying in the ab- 
normal or imaginary regions could not be determined by 
experiment. This I now find is a mistake. 

Let 8; and 8, be spectrum colours, of which the mixtures 
are to be represented by points on the curve. The part of 
the curve lying in the imaginary and abnormal regions is 
obtained by subtracting light of one colour from light of the 
other colour, and equating the resulting colour to the mixture 
(if I may use the expression) obtained by subtracting white 
from some. other spectrum colour 8. 

We have 

MS, —NS.=S—aW. 
This equation does not represent any possible physical ex- 
periment, but it may be transformed, without altering the 
value of any of the quantities, into 


Ss + Ne = 718, + aw. 
This last equation means :—Make a colour-patch of § and 


* Read October 28,.1892. 
+ Proc, Phys, Soe. vol. xi. p. 3238. 
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S,, and a colour-patch of S, and W, and vary the quantities 
of S,, S,, and W until the two patches are similar in colour, 
and then measure the quantity of white. A line drawn to 
the left from the position of S, and proportional in length to 
the quantity of white, will define the position of the required 
point in the curve. 

2. In the map the region on the right of the line of spec- 
trum colours is occupied by all the colours obtained by mixing 
spectrum colours and white. I suggest that this should be 
called the Spectral Region. The equation for determining 
points on the mixture curves in the Spectral Region is 


m4S1 + NgSe = S + aW. 


The region to the left of the abnormal and imaginary 
regions is occupied by colours complementary to those in the 
Spectral Region. I suggest that this should be called the 
Complementary Region. The equation for determining points 
on the mixture curves in the Complementary Region is 


'S) + nS +n S8,=cW. 


The equation for determining points on the mixture curves 
in the Imaginary and Abnormal Regions has just been shown 
to be (for one part of the curve) 


S+28.=7,8,+2W, 
and it is obvious that for the other part it will be 
S +7,8,;=n78, +aW. 


3. In defining a colour as compounded of a spectrum 
colour and white, we have to determine both quality and 
quantity of the white light. 

A colour may be defined by three spectrum colours by 
means of the equation 


| mS; +78,=n38;+eW, 
or of the equation 
4S, +7 82+n383;=aW. 


The colour is that obtained when a patch formed in ac- 
cordance with one side of the equation is made identical with 
a patch formed in accordance with the other. In this case 
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quantity of white need not be defined, but quality must be 
defined. 

If a colour be defined by four spectrum colours the defini- 
tion is independent of any convention as to the quality of 
white light. Let §,, S., S;, 8, be four spectrum colours 
whose wave-lengths are in olen of magnitude, then the 
equation 

245; + N33 = NeSe + ny4 


defines a certain colour, which can be obtained by making a 
patch of 8, and 8; identical in colour with one of S, and §,. 


II. Experiments in Electric and Magnetic Fields, Constant and 
Varying. By Messrs. Rimixeron and Wy? SuitH.* 
[Plate I.] 


THE object the authors have in bringing these phenomena 
before the Society is not to establish any new theory, nor 
to show imperfections in present theories, but to exhibit 
experiments which help the actions taking place in a dielec- 
tric under stress to be more easily grasped. 
The experiments are divided into two sets :— 
(1) Performed in electric fields. 
(2) Performed in varying magnetic fields. 


Although these two fields cannot exist separately, their 
effects are isolated. 


Set 1. Constant Electric Field. 


A constant electric field was produced by two charged 
metal disks + and —, each of which was stuck on the out- 
side of a glass plate (Plate I. fig. 1). The object of the glass 
plates was to prevent brush discharges between objects placed 
in the field and the plates. 

Fig. 1, a, 6 represents a partially exhausted electrodeless 
tube, placed in the uniform electric field. In the position 
shown, the tube is at a uniform potential. Now let it rotate 
in the direction of the arrow ; the potential of a will fall and 


* Read November 25, 1892. 5 
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that of b rise until the P.D. between the ends is sufficient to 
break down the tube. There will then be a convection- 
current equalizing the potential, during the continuance of 
which the tube will glow. On rotating still further a similar 
action will take place. 

The effect of these actions is to produce a double fan-shaped 
set of images, as shown in fig. 2. The number of images in 
the fan depends on the intensity of the field. 

This phenomenon is intensified by constricting the middle 
part of the tube. 

In designing the tubes for these experiments, care was 
taken to have the point where they were connected to the 
pump in such a position that there was no tendency for dis- 
charge to take place at these points when in use. The tubes 
used in this experiment are shown in fig. 3 (a, 0, c, and d). 
The stem was used to connect them to the whirling motor. 

The surfaces of these tubes should be fairly clean and dry, 
and it is advisable with a new tube, or one left unused for some 
time, to excite it between the knobs of an influence-machine. 

In the double fan-shaped set of images (see fig. 4, a) one 
end will be seen to be brighter than the other, the current 
passing from the dull end to the bright end. 

Not only is this effect visible with a straight tube, but on 
rotating an exhausted bulb in the field a stationary luminous 
region will be seen (see fig. 4, 0). 


Varying Electric Field. 

Instead of rotating the tube a similar effect is produced by 
varying the field in which the tube is placed. 

The tube should be placed with its longer axis in the direc- 
tion of the lines of force. The plates in this case may either 
be charged and discharged by an influence-machine and dis- 
chargers, the latter sparking, or by an induction-coil, with or 
without sparking. 

When an induction-coil is used, very long tubes will glow 
when brought near, 


Ser 2. Magnetic Field. 


The authors were of the opinion that, by taking advantage 
of the action of the Geissler tube, one might show Hertzian 
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phenomena to fairly large audiences. They therefore substi- 
tuted a Geissler tube for the spark-gap in the resonator. 

This was very successful with a Leyden-jar oscillator (fig. 5). 
The oscillator and resonator consisted of two similar small 
Leyden jars for capacity, and a single convolution of thick 
copper wire for the conductor-cirenit. The Geissler tube was 
placed as a shunt to part of the conductor-circuit of the 
resonator (see fig. 5). 

But although they designed special tubes, they were unable 
to get good results with the ordinary forms of Hertz oscil- 
lator and resonator. 

They next made a resonator of the following form :— 

Two metal plates, a and b (fig. 6), give capacity, and the 
wire self-induction. An electrodeless exhausted tube was 
placed as dielectric between the plates. When a fairly large 
Hertz oscillator was used, this tube glowed brightly, even 
when taken to considerable distances. 


Glow produced in varying Magnetic Fields. 


Instead of, as in the last set of experiments, having a 
secondary composed partly of a metallic conductor and partly of 
a vacuum-tube, the whole circuit may be composed of rarefied 
gas. It is evident that, in order to generate a current in such 
a circuit, a large induced E.M.F. would be required ; this 
would necessitate either a very strong magnetic field, or one 
which changed very rapidly. The former was out of the 
question, the latter was obtained by taking advantage of 

the phenomenon of oscillatory discharge in the following 
manner :— 

P (fig. 7), a primary consisting of a very few turns of 
gutta-percha covered wire, was placed in a Leyden-jar circuit, 
as shown. As a secondary an exhausted bulb, or annular 
tube, was placed near P. 

On sparks passing at D, a bright ring of light appeared in 
the secondary. 

In the actual experiments a metallic secondary, S, was also 
wound with P and exactly similar to it. On short-circuiting 
S, the induced current in this circuit will weaken the mag- 
netic field so as to completely extinguish the Geissler 
secondary, 
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If S is connected to a third coil this coil will behave in a 
similar manner to P, with weaker effects; P and S in this 
case form a one to one transformer. 

The wire of the coil P is itself luminous when 8 is open ; 
short-circuiting 8 will stop this effect. 


(Since the authors started their researches some of these 
latter experiments have been shown by Prof, Thomson.) 


APPENDIX. 
Theory of a Vacuum-tube in a varying Electric Field. 


When an electrodeless vacuum-tube is placed axially 
between two plates, and a potential difference established 
between them, the tube forms part of the dielectric between 
the plates, and some of the lines of induction pass through 
the tube. Now a rarefied gas is a very weak dielectric, and 
readily gives way under the electric stress ; a convection- 
eurrent flowing through the tube (during which time the 
gas in the tube behaves as if it were a conductor) *, 


This results in the endst of the tube becoming charged, 
or lines of induction from the plates terminate on the ends 


* Of course the tube will not conduct after the manner of a copper 
wire, but rather like.a quantity of pith balls between two conducting 
plates. 

+ By the term “ends” is meant the inside surface of the glass at the 
ends of the tube. 4 
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of the tube, there being no lines in the tube itself (see fig. 8), 
The whole of the tube will also be at the same potential. 

When the plates are discharged, the lines of induction 
passing from the plates to the ends of the tube will now pass 
through the tube; the rarefied gas will again break down 
under the electric stress, and a convection-current will pass 
through the tube until the charges at the ends neutralize 
each other. . 

If the change in the electric field take place rapidly 
enough, the convection-current will produce sufficient dis- 
turbance of the molecules to cause luminosity. 


Theory of a Vacuum-tube rotating in a constant Electric 
Field. 


Consider the tube in a constant field in position ab (fig. 9). 
There will be a — charge at “a” anda + one at “6”, and 
the tube will behave as a nonconductor. We shall in fact 


have conditions similar to those in fig. 10, where ‘‘c” and 


Fig. 9. Fig. 10. 


“<q” are two insulated conductors, which have been previously 
connected together by a conductor, and which correspond to 


the ends of the tube. 
Imagine now “c” and “d” to be moved to positions ¢ 


and d,; they will now be no longer at the same potential, 
and, if connected together, a current will flow from d, to ¢,, 
again equalizing their potentials, 
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The same will happen to the tube if it move during rotation 
from position ab to a,b; and, when the potential ditference 
between its ends attains a sufficient magnitude, the dielectric 
of rarefied gas will break down, a convection-current flow 
from 0, to a,, and the tube for the instant will behave like a 
conductor. During this instant of breaking down the tube 
will glow. After this the tube will behave like a noncon- 
ductor, the ends being at the same potential until the tube 
rotating moves into position a,b, and, if the potential differ- 
ence between a, and a, is equal to that between a and a, and 
the same for the 6’s, the tube will glow for an instant at 
position ay by. 

In the same way it will glow in the positions a3 b3, a4 04, 
&c., if continuously rotated in the direction of the arrow. The 
points a3 a, &e., b3 b, &e. are such that the potential difference 
between each consecutive two is approximately the same. As 
the glow takes place at the end of each alteration of the 
potential difference, it is obvious that the double fan-like set 
of images obtained will not be symmetrical with respect to 
the plates, but will be displaced in the direction of rotation 
by about one image. 

The number of images in a single revolution will be pro- 
portional to the potential difference between the plates, but 
will not depend on the speed of rotation, provided that speed 
exceed a certain limit. The effect of increasing the speed is, 
however, to apparently increase the number of images ; since 
those of one revolution do not fall in exactly the same 
positions as those of the preceding one, and the images of 
several revolutions are seen simultaneously on account of 
persistence of vision. 


Discharge through Coil surrounding exhausted Bulb. 


When a Leyden jar is discharged through a coil of wire, 
the varying magnetic induction due to the discharge-current 
will cause an H.M.F’. to act in the dielectric inside and outside 
the ring in a series of concentric circles. Let 7 be the radius 
of the coil: consider a circular path in the dielectric of radius 
«less than r. If the magnetic induction passing through the 
coil were uniformly distributed, the number of lines passing 
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through the path « would be proportional to its area or to 2”, 
and the H.M.F., per unit of length along it to 2? divided by its 


° wv e . 
circumference or to qn to w. Hence the electric stress 


along a circular path « in the dielectric is greater the larger «. 
Of course the actual distribution of the magnetic induction is 
not uniform, but increases as we pass from the centre to the 
circumference: this will of course make the electric stress 
increase more rapidly than 2. When the dielectric is a 
rarefied gas it is not broken down until the electric stress 
exceeds a certain value: hence the discharge takes the form 
of a luminous ring in the outside of the bulb. By increasing 
the sparking-distance in discharging the Leyden jar the 
magnetic induction is increased, making the electric stress 
greater and broadening the ring. 

The breadth of the ring also depends on the degree of 
exhaustion of the bulb, as the value of the electric stress 
requisite to break down the rarefied gas depends on the 
degree of rarefaction. In the case of an annular exhausted 
tube placed outside the coil the luminous ring will be nearest 
to the inner side of the tube: since when z is greater than 7, 
the E.M.F. per unit of length is less the greater 2, on account 
of the lines of magnetic induction outside the coil being in 
the opposite direction through the path x to those inside 
the coil. 


DISCUSSION. 


Mr. Swinburne thought some of the effects shown were 
not Hertzian, but merely cases of ordinary mutual induction. 
He enquired whether the vacuum-tubes would still glow if 
the Leyden jars were removed from the so-called resonating 
circuits. He was also of opinion that in the magnetic experi- 
ments the surfaces of the bulb, and not the enclosed gases, 
took the charges. 

Mr. Watson asked if the authors had tried screening off 
the long waves by a wet cloth. If the effects still existed 
this would prove that they were Hertzian. 

Prof. Ayrton remarked that the only cases where the 
materials of the bulbs, tubes, &c., did not influence the results 


A/| 
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were those in which discharges were produced by varying 
magnetic fields. 

Mr. HE. T. Carter thought an induction-coil a more effi- 
cient machine for producing the glow in tubes than the 
alternator, &c., used by Mr. Tesla. 

Prof. S. P. Thorapson said he first noticed that sparks 
passed between pieces of metal in the vicinity of an induction- 
coil sparking into a condenser in 1876, when he was showing 
some experiments on telegraphic apparatus before the Society, 
but unfortunately he did not pursue the subject. Long 
before Mr. Tesla’s investigations Dr. Bottomley had shown 
that exhausted tubes could be caused to glow, but it was 
not until Tesla produced such phenomena on a large scale 
that people recognized how much light could be got in 
that way. 

Mr. Rimington, in replying to a question by Professor 
Thompson, said the notes heard when the glass plate ap- 
proached the condenser were of very high pitch. The 
explanation, why in the experiments performed in varying 
magnetic fields the bright parts of the luminous discharges 
were near the wire, appeared to be that the H.M.F. was 
greatest in these places. Although he had not tried the 
experiment suggested by Mr. Swinburne of taking off the 
Leyden jar, he felt sure that doing so would stop the 
glow. 


III. The Diffusion of Light. By W. HE. Sumpyer, D.Sc.* 


LirtLe information appears to have been published about 
the diffusing power of unpolished surfaces. The subject 
has been studied by optical measurements by Zéllner and 
others, chiefly for astronomical purposes ; and the radiation 
from such surfaces has also been investigated with appa- 
ratus designed for measuring radiant heat. But the in- 
fluence of such diffusion in increasing the illumination of 
rooms and open spaces, although well known, does not appear 
to be appreciated to the extent that its importance deserves ; 
and a few numerical determinations of the coefficients of 


* Read December 9, 1892. 
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reflexion, absorption, and transmission of diffusing surfaces 
may prove of interest. 

Terms in light are used vaguely, and it will not be deemed 
out of place to define those which will be here needed. By 
the reflecting power of a surface is meant the ratio of the 
amount of light retlected by it to the total amount of light 
incident upon it. The illumination of a surface is the amount 
of incident light per unit area of the surface. The unit 
quantity of light is the flux of radiation per second across a 
unit area of a sphere of unit radius at whose centre a unit 
light (of one candle) is placed. The amount of light radiated 
by a source of & candle-power, within a solid angle Q, is £0, 
and the total quantity of light emitted by it is 4k. The 
brightness of a diffusing surface is its candle-power per unit 
area in the direction normal to the surface. The illumination 
produced at a point by a surface of brightness B, subtending 
a (small) solid angle © at the point, is BO, and if a surface, 
containing this point, have its normal inclined at an angle } 
to the axis of , the illumination of this second surface due 
to the first is BO cos ¢. 

If B is the brightness of a surface rendered luminous by 
reflexion, if 7 is its (diffused) reflecting-power, and if I is 
the illumination of the surface, then 


PRM ae ot bi settiote © Lt ae ee) 


This relation follows from the assumption of the law of 
cosines, viz. that the candle-power (per unit area) of a bright 
surface is Bcos ¢ in a direction making an angle ¢ with the 
normal. The right-hand member of (1) is by definition 
equal to the whole light reflected from unit area of the sur- 
face, and must be equal to the integral of B cos ¢ dQ for all 
directions on one side of the surface. The value of the 
integral is easily seen to be 7B. 

The brightness of a body, as just defined, is directly pro- 
portional to the illumination of the image of the body on the 
retina of the eye, and the word may thus be quite justly used 
in the ordinary physiological sense of the term. Similarly 
the law of cosines, just alluded to, is merely another way of 
expressing the fact that the sensation of the brightness of a 
diffusing surface is the same from whatever direction this 
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surface may be viewed. For the amount of light received 
by the eye, and concentrated on the image on the retina, is 
simply the product of the area of the pupil of the eye and 
the illumination at the surface of the eye due to the bright 
object. The former factor is constant for different directions 
of view, and the latter must vary as the solid angle subtended 
by the object at the eye, since the area of the image on the 
retina is a measure of this solid angle. The illumination at 
a point at which a surface of brightness B subtends a solid 
angle © is not necessarily BQ, for all inclinations of © to the 
surface, unless the law of cosines is fulfilled ; and, if this law 
is fulfilled, it follows that the illumination of the image of 
this surface on the retina of the eye is constant at all dis- 
tances and inclinations. The eye is a good judge, and is 
indeed the only judge, of quick variations in brightness, and 
the cosine law is always applicable to diffusing surfaces, the 
appearance of which does not alter as the eye moves past 
them. Any divergence from this law is negligible so far as 
its influence on illumination is concerned, 

If Q is the quantity of light radiated per second by the 
light-sources within a room, and if Q!’ is the total amount of 
light falling on the walls, 

SOQ sis ae an 
For of the quantity Q’, a portion 7Q/ must be reflected, and 
the rest absorbed, and the rate at which light is absorbed by 
the walls must be equal to the rate at which it is produced. 
The average illumination I’ of the walls of the room must 
hence be related to I, the illumination due to the direct action 
of the lights, by the equation 
l 
= {2a ib . . . aera . (3) 
Thus if »=:90, I’=101, and if 7=:50, I'=21, so that the 
illumination due to the walls of the room may become far 
more important than that caused by the direct rays of the 
lights. 

The truth of this relation may be also seen as follows :— 
The light Q falling on the walls is partially reflected, and a 
quantity 7Q is sent back into the room. ‘This light falls on 
the walls again and a portion »x7Q is reflected a second 
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time. The total quantity of light Q! falling on the walls 
owing to successive reflexions is given by the equation * 


Q=Q+nQ47Q+ ... =F 


Or, again, as the illumination I,’ of the walls at any point P 
is made up of a portion I, due to the direct rays of the lights, 
together with a part caused by radiation from the walls, we 
have 

f= i \Biros p dO, oe) 


where B is the brightness of the walls, and ¢ is the inclina- 
tion of the solid angle dQ. to the normal to the surface at the 
point P. Assuming that the brightness is the same all over 
the bounding surface of the room, the value of the integral is 
readily seen to be 7B, and this, as already shown, is equal 
to 71’, where I’ is the average illumination of the walls. 
When the bounding surface of a room or enclosure consists 
of portions whose reflective powers are different, the average 
reflective power may be taken as 
n= Bt &c.... ine Jie ae 


where A is the total area of the bounding surface, of which a 
portion A, has a reflective power equal to 7, and a second 
portion A, a reflective power 7, &c. This relation is very 


Fig. 1. 


o 


ie 


approximately true for ordinary rooms, and may be shown to 
be quite accurate for a spherical enclosure. 
For let P and Q be any two points of a sphere of centre C 
* Since writing this paper I have discovered that this relation has 


been already pointed out by Mascart [see Palaz, Traité de Photométrie 
Industrielle, p. 268]. 
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and radius 7 (fig. 1). Then PQ=2r cos d, where ¢ is the angle 
which the chord makes with the radius through either P or 
Q. Also, with the same notation as before, we have 


dA cos 
PO? ) 


where dA is an element of area at Q of brightness B, 
and subtending a solid angle dA cos¢/PQ? at P. Now 
PQ?’=4r? cos" and tB=yI’, where I’ is the illumination of 
the area dA: hence 


=], + | Boos 


se a fiindA =1,+5SIndd, . (6) 
A being the total area of the spherical surface. The integral 
is constant whatever the position of the point P, and what- 
ever the character of the reflecting surface of the sphere. 
Thus if any complete [or if any portion of a] spherical sur- 
face be illuminated in any manner I, by the direct rays of a 
combination of light sources, the actual illumination I,’ will 
exceed I, by a constant amount all over the sphere, owing to 
the reflective action of the surface. Also, if the original dis- 
tribution be uniform all over the sphere, I,=TI, a constant, 
I,’ will also be constant, =I’, and 


/ 
Y=I +5 Judd = T+ nl’, 
where 


=ndA , 
ana neti Me eee) (P) 


Taking as an average case for rooms a reflecting power of 
70 per cent. for the ceiling, 40 per cent. for the walls, and 
20 per cent. for the floor, the average value of 7 is a little 
over 40 per cent., and the increase of illumination by re- 
flexion becomes as much as 70 per cent. If the walls and 
ceiling of a room be well whitewashed, the average retlecting 
power will not fall far short of 80 per cent.; and in such 
cases the illumination due to diffused reflexion is four times 
as important as that caused by the direct action of the lights 
in the room. A further great advantage, resulting from the 
use of good diffusing surfaces, arises from the fact that the 
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illumination they cause is, in most cases, very approximately 
constant all over the room, and does not cast shadows. 

It is to be noted that when a reflecting surface is coloured, 
its average reflecting power does not properly represent the 
character of the increase of illumination caused by it. A 
room whose walls are covered with red paper whose average 
reflecting power is 40 per cent., may quite possibly have the 
red light in the room increased five times owing to the action 
of the walls. Suppose, for instance, that the reflective power 
of the paper for red light is 80 per cent., and for other kinds 
of light only 10 per cent., the average reflecting power will 
not exceed 40 per cent., yet the red light will be increased 
five times, while other kinds of light will not be increased to 
any perceptible extent. 


Measurements of Reflective Power. 


The surface, whose reflective power was required, was 
attached to a large screen of black velvet placed at one end 
O of a 3-metre photometer-bench OL (see fig. 2), so as to 


Fig. 2. 


be perpendicular to its length. Two lights were used, one 
being a Methven two-candle gas standard, placed at L, and 
the other a glow-lamp run generally at about 20 candle- 
power, placed at P,. A Lummer-Brodhun photometer was 
slid along the bench to a point P, at which the illumination 
due to reflexion from the surface OR was equal to that due 
to the Methven standard at L. At first the lamp P, was 
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permanently situated a little to one side of the bench, and 
the rays from it in the direction of the photometer P, were 
screened off. Subsequently the points P, and P, were made 
to coincide, the lamp being fixed to the same slider as the 
photometer and suitably screened from it and from the eyes 
of the observer. In some experiments the distance OL was 
kept fixed and the position of balance OP was determined 
for each surface tested. In other cases both OP and OJ, 
were varied. 
Let :— 

A = area of diffusing surface on screen OR (centre at O). 

0, 2, = solid angles subtended by A at P,, P, respectively. 
cna rie aa Hiseeiees OP,, OP, respectively. 

y = distance P,L. 

K = candle-power of the glow-lamp at P,. 

k = candle-power of Methven standard at L. 


Then :— 
The quantity of light falling on the area A is KQ,, 
the average illumination of A is KO,/A, 
the average brightness is yK©,/7A, by (1), 
the illumination at P, is 7KO,0,/7A, 
and also the illumination at P, is h/y? ; 
whence 
k mA ke araty? at? 


1“K Oy PRae ee ee (8) 


provided the dimensions of A are small compared with «x, or 
#. When this is not the case, the equation (8) is not suffi- 
ciently correct, and a more accurate formula may be obtained 
as follows, by fli note of the inclination of the rays to 
the surfaces. 

The illumination of the surface at the point R due to the 
lamp at P, can be easily shown to be K cos? $,/a,’, where ¢, 
is the angle between RP, and OL, the line of centres of the 
bench. The brightness B of the surface at R is therefore 
nK cos*p,/72," by equation (1). An element of area dA at 
R subtends at P, a solid angle dQ, equal to cos*d.dA/a,?, 
and the illumination at P, due to this element is BdQ,= 
nK cos* $; cos*p.dA/ma,°x,? on any area placed perpendicular 


THE DIFFUSION OF LIGHT. 17 


to RP;. As the photometer screen is perpendicular to the 

bench and not to RP2, we must multiply this expression by 

cos, to get the effective illumination due to the element 

dA. Finally we have for the total illumination the integral :— 
K 

I= ue 1) cos%¢: BOSs OA, a aS) 


THY ky 


in which the angles ¢), ¢2 are related by the equation 

“1 tan $= 22 tan do. 
When the area A is circular, with O as its centre, this 
integral reduces to 


T= 7B, | cos gud. sin Res tee ee LA 
al: 


The value of this integral can be readily evaluated, but it does 
not lead to a convenient formula, and as it was found prac- 
tically preferable to fix the lamp to the same slider as the 
photometer, and at the same distance from the screen OR, 
we may put 


1 = -2 = $, 
Gere =, 
and (10) then reduces to 
Lan 5 [1—cos'¢], j= RS he 


in which ¢ is the semiangle of the cone with base A. and 
height z. 


This expression is rendered more convenient for purposes 
of calculation by taking advantage of the fact that A/7w’, or 
tan’p, is a small quantity. By neglecting tan’? compared 
with unity we obtain 


2 yi 
5 L1—cos ol= ve 


where F . 
OS “vee ae: ; 
X= 5 Se 5 See fee oe (12) 
and in most cases it will be found that the third term in this 
expression is negligibly small compared with the sum of the 
other two. 
The value of I found in (11) may be equated to k/y? when 
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the photometer is in the position of balance, and on doing so, 
we find for 7 the value 


Le bine arco Minh 5 G15) 


which reduces to (8) when z is large. 

This equation was used for the great majority of the re- 
flexion tests. With feebly diffusing surfaces such as black 
cloth, the distance # had to be so much reduced that the 
area A subtended a greater angle at the photometer-screen 
than the aperture of the photometer itself. In such cases 
the angle ¢ in (11) was ‘calculated from the solid angle 
subtended by the aperture of the photometer at the centre 
of the photometer-screen. With diffusing surfaces which 
appeared to shine slightly under the action of light, the 
effect of regular reflexion had to be separated from that of 
diffused reflexion, by experiments made with the same 
surface for different values of #. In such cases, which 
will be alluded to subsequently, the true reflecting-power 
is not given by formula (13). The areas A of the reflecting 
surfaces used in the experiments were never circular, as 
assumed in the above proof, but as they were always ap- 
proximately square, with the central portion at O (fig. 2), 
any error in (12) and (18) arising in this way must be quite 
negligible. The ratio £/K of the two lights was frequently 
tested in the course of the experiments and was found very 
constant during every set of tests. 

The results obtained are given in the accompanying table. 
In the majority of cases the numbers given are approximate 
only, as there seemed no object in aiming at great accuracy. 
The first four surfaces referred to in the table, viz., thick 
white blotting-paper, white (rough) cartridge-paper, tracing- 
paper, and tracing-cloth, were, however, carefully tested, 
and the numbers obtained represent the mean of many 
observations. 

Zollner found white surfaces to reflect from 70 to 78 
per cent. of the light incident upon them. The numbers 
piven at the head of Table I. are slightly higher. They, 
however, agree very well with results which have been puh- 
lished with regard to the diffuse reflexion of radiant heat, 
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since 82 per cent. is generally given as the reflective power 
of white substances *. 


TasiLe I.—Reflecting-Powers. 


1 } per cent. per cent. 
White blotting-paper_ ......... 82 Plane deal (clean) ......... 40 to 50 
White cartridge-paper ......... 80 ” (difrby)! sJdcse.seee cane 2 
CIE CLOUD 02h. e ast acnnsee 35 Yellow cardboard) ......s..<soes 30 
Tracing-paper ......... Peco ss tos 22 Parchment (one thickness) ... 22 
Ordinary foolseap ............... 70 : (two thicknesses) ... 35 
Newspapers ........... 50 to 70 Yellow painted wall (dirty) ... 20 
Tissue-paper (one thickness) ... 40 a 5 99. (Clean) ... 40 

ets; (two thicknesses) , 55 IBYACKSCLOGN eran aseunaiiecsesee cast 1:2 
Yellow wall-paper ....... meiveciee’s 40 Black velvet: Vy sccresssss sae deen’ 04 
Blue paper tress ceaecer« actor 25 
Dark brown paper ............... 13 
Deep chocolate paper ......... a 


The degree of consistency of the results may be judged 
as follows :—In a series of 10 determinations of the reflec- 
tive power of white blotting-paper, made with values of # 
(see fig. 2), varying from 40 cm. to 82 cm., the mean 
reflecting-power was found to be 82°4 per cent., and the 
average error of -a single determination from the mean was 
1:4. With surfaces of lower reflecting-power (such as 
tracing-cloth) the numbers obtained in successive experi- 
ments were more consistent. The value of 7 for white 
blotting-paper was checked by comparing it directly with 
that of a piece of common mirror. The Methven standard 
at L (see fig. 2) was replaced by the mirror, arranged so 
as to reflect the light from the glow-lamp along the line of 
the bench. The reflective power of the white blotting-paper 
placed on the screen OR was found to be 98:5 per cent. of 
that of the mirror. The value of 7 for the mirror, for normal 
rays, was separately determined and found to be 82 per cent., 
and hence 7 for the blotting-paper comes out as 80°38 per 
cent. 

Several of the numbers in the above table were confirmed 
by comparative measurements, using white paper asa standard 
reflector, the Methven standard at L (fig. 2) being replaced 
by a surface of white paper exposed to the rays of the giow- 
lamp at P. The reflective power of one of the walls tested 


* See Jamin et Bouty, Tome Troisiéme, p-. 249. Results by MM. 


Goddard, De la Provostaye et Desains, 
c2 
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was measured in diffuse daylight by exposing the aperture of 
a photometer to the radiation of the wall, and balancing the 
illumination against that of a standard candle. The part of 
the wall affecting the photometer was then covered with a 
sheet of white blotting-paper, and the ratio of the two illumi- 
nations at once gave the ratio of the reflecting-powers. 


Measurement of Absorption. 


The absorbing-powers of some of the preceding substances 
were determined by measuring the candle-power of the light 
from a glow-lamp, first when this was uncovered, and after- 
wards when it was surrounded with a cylinder of the paper 
under test. The cylinders were short, being just longer than 
the height of the lamp, and were closed at top and bottom 
with caps of the same paper, so that the lamp was completely 
enveloped by the paper tested. The ratio of the dimimution 
of candle-power to the original candle-power gave the appa- 
rent absorption of the paper. If the candle-power in some 
particular case was found to diminish 30 per cent., it would 
have been erroneous to conclude that the envelope absorbed 
as much as 30 per cent. of the light incident upon it, or that 
70 per cent. was transmitted. If the reflecting, absorbing, 
and transmitting powers of a material be respectively denoted 
by , a, and 7, there must exist between these quantities the 
relation n+atr=l. 

Also if Q be the quantity of light given out per second by 
the light-source within the envelope, the quantity of light 
incident per second upon the surface of the envelope will, 
owing to internal reflexion, be increased to Q’, where 

Q’(1-9)=Q; 
the quantities of light absorbed and transmitted will respect- 
ively be 
| aQ’ and 7Q’, 
and the ratios these quantities bear to Q will similarly be 
‘ir: and par ; 


the sum of course being unity. 
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If the light-source can be assumed to radiate equally in all 
directions, the ratio of its candle-power, after putting on the 
envelope, to the original candle-power will not be 7 but 
t/(l1—m). The influence of internal reflexion is to increase 
both the absorption and the transmission, and unless it is taken 
into account large errors may be made in estimating the 
coefficients. A very simple way of showing the effect of 
internal reflexion consists in surrounding a glow-lamp with 
a white paper cylinder, open at the top, and adjusting a pho- 
tometer screen till the illumination caused by it is balanced 
against that of some standard source of light. If now a piece 
of white paper be placed on the top of the cylinder, so as to 
shut in the vertical rays of the lamp, the candle-power in the 
horizontal] direction will be found to increase considerably. 
In some of the tests, in order to avoid error caused by non- 
uniform radiation of the lamp, this was first surrounded with 
an envelope of tracing-cloth, or blotting-paper, and the com+ 
bination used as the light-source. If k, be its candle-power 
in this condition, and if &, be the observed candle-power 
after completely surrounding it with an envelope of the sub- 
stance to be tested, the apparent absorption of this material 
is aed 


shave: ° » . » . » . (14) 


and the true absorption coefficient « is given by 


ky—k 
a=(1—m) Fe ss (18) 


where 7 is the previously found reflexion coefficient. 

When an inner envelope is used to produce a light which 
radiates equally well in all directions, it is necessary for the 
outer envelope to be large compared with it, since otherwise 
the formula for the increase of illumination due to internal 
reflexion cannot be applied. 

The following table gives the values of the absorbing 
coefficients, expressed as percentages, for the four substances 
at the head of Table I., from which the corresponding values 
of 7 used in applying (15) have been taken. 


22 DR. W. E. SUMPNER ON 


Tasxe II. 
Apparent Absorption. Real Absorption. 
White Blotting-paper ......... 77 per cent. 13°8 per cent. 
White Cartridge-paper ...... 61 ey 12-2 “3 
Aracinig=clothy seteenceste sees 23 < 150 4 
enracing=paperumnsscnaissce. 9 96 UD ox 


Three large glass globes, made for arc-lamps, were also 
tested. As the reflective powers of the globes could not 
easily be found, only the apparent absorption was measured. 
One globe was of opal glass (almost transparent), and the 
ratio of apparent absorption was 15 per cent. A second 
globe was of ground glass and absorbed 42 per cent. The 
remaining one was of opal glass, too opaque to allow any 
bright object placed within it to be distinguished. This 
absorbed 39 per cent. 


Measurements of Transmitting-Power. 

The amount of light transmitted through the surfaces 
above mentioned was measured in a very similar manner to 
that in which their reflective powers were determined ; the 
only difference being that the glow-lamp at P, (see fig. 2) 
was moved to the opposite side of the surface as in fig. 3. 


Fig. 3. 


OP =OR—caetay ys 


OR represents the screen of paper, pinned on a wooden 
frame, and placed perpendicular to the optical bench P,L. The 


THE DIFFUSION OF LIGHT. 23 


glow-lamp was at P,, the photometer at P,, and the Methven 
standard at L. The distances OP,, OP, were arranged to be 
equal, and balance obtained by moving L along the bench. 
On referring to equations (8) to (13) and the arguments 
used in establishing them, it will be seen that they are all 
applicable to the case now considered if only we substitute r, 
the transmitting-power, for 7. 

When, however, tests were made with the paper surfaces 
already referred to, it was soon found that the numbers 
calculated from expression (13), 


eet ison te wae la 
were not constant for the same substance. They differed 
from each other far more than could be accounted for by 
errors of experiment ; thus, the values found for 7 by this 
formula were too high, and frequently exceeded 100 per cent. 
For any given surface the values were found to increase pro- 
gressively with the value of w used in the tests. The reason 
for this is easily seen when it is remembered that equations 
(8) to (13) are only true on the assumption that the surfaces 
considered are purely diffusive, and do not alter in appearance 
as the eye changes its point of view. When light is trans- 
mitted through a semitransparent substance such as tracing- 
paper, or tracing-cloth, the brightest part of the surface is 
always on the line joining the eye to the light, and visibly 
moves over the surface as the point of view ischanged. The 
easiest way to represent these facts is to assume that, of the 
light transmitted, a portion 7, passes through without change 
of direction, and that the rest Tt. is diffused in accordance 
with the cosine law. The case is analogous with a reflecting 
surface such as white enamelled iron, which reflects a portion 
n; of the incident light in accordance with the regular law 
of reflexion, and diffuses another portion 7, according to the 
law of cosines. On referring to equations (8) to (11) it will 
be noticed that they are still true for the illumination due to 
diffusion if we substitute for 7 either 7, or n, (according as 
we are considering transmission (fig. 3) or reflexion (fig. 2) 
respectively). The additional illumination at the photometer 


24 DR. W. E. SUMPNER ON 


due to regular, ¢. e. direct, transmission (transparency) is 
kK 
Ty Qa)” . 
and a similar expression holds for regular reflexion if we 


substitute 7, for 7}. 
The whole illumination must, as before, be equal to k/7’, and 


by (11), (12), and (17) we have 
K Kae 


(17) 


TAX + Gey» (18) 
whence the value of Y in (16) is equal to 
ee ee x ety 


4 


and a similar expression holds for reflexion if we replace 7, 
and tT) by 9, and 9, respectively. The true values for the 
transmitting and reflecting coefficients are 


T= T1472, 
man: s cca ber AMO) 
and the reason the values found for Y were too high, and 
became greater and greater as # increased, was simply that 
the values used for X (see 12) were always greater than 4, 
and increased rapidly with z. 

By plotting the numbers found for Y with the corresponding 
values of X, a straight line is obtained from which the values 
represented by the symbols in (20) can all be determined. 
The straightness of these lines, and the verification of the 
fundamental formula 

n+atr=l1, 
affords a good criterion of the extent to which the principles 
and the formule, referred to in this paper, can be relied 
upon. 

The following Tables III., [V., and V. contain the results 
of three sets of tests on the transmitting-power of blotting- 
paper and tracing-cloth, and on the reflecting-power of 
tracing-cloth. The values of Y,,, are calculated with the 
aid of (12) and (16) from the observed values of andy. All 
the dimensions are given in centimetre-units. In the accom- 
panying sheet of curves the values of Y,. are plotted as 
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ordinates, with the corresponding values of X as abscisse. 
From the straight line most nearly representing the connexion 
between the points the values of Y,,,, have been obtained, 
and are given in the tables. From this straight line also the 
true value of the transmitting (or reflective) power can be 
found by finding the value of the ordinate when X=4. The 
intercept on the axis of Y shows the portion of the light which 


is diffused. 


TasLE 1I].—Transmitting-Power of Blotting-paper. 


A=980. K=26. £=2. r=9-2. 


Yeale, = 6°50 +2°7 X/4. 


WP pomacsnes aise 60 50 
Y eeecacsewnls 154 120 
Xerces eres 13°6 9°8 
OY pe teeuceces 155 13-2 
Ve ences eas 15-7 13-1 


40 
88-4 
70 
11-2 
11-2 


45 
1046 
8°25 
12:0 
12-1 


55 
137 
11-40 
14-4 
14-2 


60 
154 
13°6 
15°5 
15:7 


TaBLe IV.—Transmitting-Power of Tracing-cloth. 
A=980, K=23:1. k4=2. r=544. Yogi. =41'0+13-4X/4. 


ee Fc 40 50 60 

ast: 392 535 701 
Kee 698 9:80 136 
Veg. 685. 743. 861 
Wee eet! 737 “B56 


70 

89°4 
17-4 
97:0 
99-2 


80 
105°6 

22°30 
116 
1158 


75 

95°8 

19:4 
107 
106 


65 

a 
15-4 
918 
94:0 


55 
61 
11°2 
81-7 
78°5 


45 
46:1 
8:25 
69°3 
68°7 


TaBLE V.—Reflecting-Power of Tracing-cloth (shiny side). 
A=1300. K=12. k=2. 1=35°7. Yoaic.=30:9+48X/4. 


CO ROBROC BONS 50 55 
Decor oc aeogonaen 90 104-4 
xe Seeeoocataee 7:82 9°10 
Vs Saeeorae 40-4 418 
OG ysosdoonee 40°38 41°8 


62°38 
127-7 

11:13 

44-4 


44:2 


59°8 
120:2 
10:45 
43:2 
43:4 


47-5 
82°5 
7°22 
39°6 
39°6 


44:5 
75:5 
6°55 
38°6 
38°7 
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Several sets of tests were taken. Some of these are repre- 
sented by the sheet of curves shown in fig. 4. Y is the 
percentage of the incident light which the surface apparently 


150 


100 


50 


0 5 10 15 20 


reflects or transmits, assuming that it is all diffused, and is 
calculated from equation (16). The true values of the co- 
efficients are obtained from the curves by applying equations 
(19) and (20). The numerical details of the observations are 
of no special interest, and the essential results may be sum- 
marized as follows :— 


Taste VI.—Reflective Powers. 


ker sneg | 
Regular. Diffused. Total. | 


Ny. No: ”. 

Blotting-paper ........0.....:-25 ed) per cent. | 82 per cent. | 82 per cent: | 

Cartridge-paper ............... 0 - | 80 a | 80 . 

Tracing-cloth (shiny side) ...| 48 _,, 30;0Ne 30°F, | 
7 a (rough side),..| 2°7  ,, SO ay 34:3, 


MAGN e-naperianmegetne st 2:2 | 198 
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Taste VII.—Transmissive Powers. 


Direct. Diffused. Total. 
wie Tix. os 
Blotting-paper ............... 27 per cent. | 65 percent. | 9:2 per cent. | 
Cartridge-paper ............ ADT ha Gy Bilin | 11-2 ¥5 | 
Tracing-cloth ............... isa> 410, | 544), 
Tracing-paper ...........0..- 29°8 5 46°2 3 | 76:0 Fs 


We may now collect the coefficients », «, 7, determined by 
the foregoing independent methods, and compare their sum 
with unity. 

TaBLe VIII. 


N- a. Ts ntat+r. 
Blotting-paper ...... 82 per cent. | 13°8 per cent. | 9-2 per cent. | 105-0 per cent. 
Cartridge-paper ...| 80 __,, 12:2 % jel} 3 103°4, “<5; 
Tracing-cloth ...... Bbs,  f 15-0 ia 54:4 5 104:4 7% 
Tracing-paper ...... RLM oop (PO 35 160" 7, LOD:OF Os 


The numbers in the last column differ from the true value 
of 100 per cent. to a greater extent than can fairly be accounted 
for by the limits of experimental error. They are all over 100; 
and this was the case, not only for the tests here given, but 
also for every one of many sets of tests taken. The small dis- 
crepancy would be accounted for by assuming that the law of 
cosines is not exactly fulfilled. A very slight departure from 
this law would be amply sufficient to expiain the results. 

Suppose the candle-power of a unit area of a diffusing 
surface in the direction of the normal is B, and in any 


direction ¢ is B (cos ¢)!+«. 
It is then easy to show that the total amount of light given 
out per unit area is equal to 
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In all the above experiments the actual measurements have 
referred to the light receding from the diffusing substance at 
inclinations all practically normal to its surface. The quantity 
B has been measured, the total light has been calculated as 
a B, and has been overestimated in the ratio 1 +5 als 

To account for an error of 5 per cent., the quantity « need 
only be 0-1. The brightness of the surface (in the physio- 
logical sense) would, when viewed at an inclination ¢, be 
proportional to 


B (cos ¢)'+*/cos , or B (cos ¢)*. 


This quantity is practically constant (if e=0'1) until ¢ 
becomes very large. Its value is *994 for 6=20° and :974 
for ¢=40°, and the change in the brightness of the surface 
would hardly be perceptible to the eye. 

This correction applies to the coefficients 7, and 7,2; it does 
not affect the values of 7,, a, or tT; In some of the first tests 
of reflecting-power the inclination of the light-rays to the 
surface was considerably less than 90 degrees, and the values 
of 7 obtained were less than those given above. These tests 
confirm the idea that the cosine law is not strictly fulfilled, 
but they were not accurate enough to be conclusive. 

The above measurements were all made in the Optical 
Laboratory of the Central Institution, and the writer has had 
the benefit of the assistance of some of the students of that 
College in re-testing and confirming the results given in the 
foregoing tables. 


Discussion. 


Mr. A. P. Trotter said he had been interested in the sub- 
ject of diffusion for many years with a view to obviating 
the glare of arc lamps. The reflecting-power of substances 
was of great importance in the illumination of rooms ; in 
one case, measured by Dr. Sumpner and himself, two-thirds 
of the total illumination was due to the walls. Referring to 
the cosine law, he said he had found it true except when 
the angles of incidence approached 90°. In cases where 
considerable total reflexion took place, the apparent bright- 
ness near the normal direction was greatly in excess of that 
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in other directions. These points he illustrated by polar 
curves. He had also considered what should be the nature 
of a roughened or grooved surface to give the cosine law of 
diffusion. No simple geometrical form of corrugations, &c., 
seemed to fulfil the required conditions. 

Dr. Hoffert said the high numbers given for the reflecting- 
powers of substances were very interesting. Most people 
had noticed the effect of laying a white table-cloth in an 
ordinary room. He had also observed that wall-papers of 
the same pattern, but slightly different in colour, had very 
different effects in producing increased illumination, and 
wished to know if the influence of small differences in colour 
and texture on diffusing-power had been investigated. 

Mr. Blakesley defended the cosine law, and suggested that 
the summation of the powers exceeding unity might be due 
to the fact that the enclosure reflected heat as well as light, 
thus raising the temperature and increasing the efficiency of 
the radiant. 

Dr. C. V. Burton did not understand why the cosine law 
should be objected to, for it was possible that no surface was 
perfectly diffusive. The effect of reflexion from walls, &c., 
say in illuminating a book, would not, he thought, be so 
great as would appear from the numbers given, for one 
usually read near a light and the reflected light falling on 
the book was only a small part cf the whole, on account of 
the greater distances of the walls. 

Dr. Sumpner in reply said he had, as stated in the paper, 
used white blotting-paper asa standard of reflecting-power 
and found it very convenient, His most careful measure- 
ments had been made on whitish surfaces and not on coloured 
ones. Where one colour, say red, preponderates in a room, 
the average light would be much redder than that emitted by 
the source, owing to the other colours being absorbed. In 
considering illumination as related to distinct vision, it was 
necessary to take account of the eye itself, for the pupil con- 
tracted in strong lights and opened in feeble ones. This 
subject he hoped to treat fully in a subsequent paper, 


—_— 
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IV. The Laws of Molecular Force. 
By Wi1am Sutuerzann, I.A., B.Se.* 


In my last paper on this subject (Phil. Mag. April 1889) 
it was shown that if the law of force between two similar 
molecules is 3Am?/r*, the parameter A could be calculated 
for a large nuinber of bodies from Robert Schiff’s measure- 
ments of their surface-tensions, and a law was armounced 
connecting the values of A with chemical composition ; but 
as this law was affected with exceptions in the case of the 
organic bromides and iodides and the amines, and as the 
argument from surface-tension requires the introduction of a 
considerable number of assumptions, I felt that it was very 
desirable to secure some other means of finding A. It soon 
appeared that the only satisfactory plan would be to return 
again to the search for the true characteristic equation of 
fluids on the model of Clausins’s virial equation, as I had 
found that not one of those hitherto advanced was capable of 
general application. Fortunately the experimental material 
now available is so abundant and so well placed that I was 
completely successful in the quest, in the more tedious parts 
of which I had the advantage of assistance from my brother, 
Mr. John Sutherland. Amagat’s exhaustive study of the 
compression and expansion of gases, along with Ramsay and 
Young’s work on ethyl oxide, were the groundwork of ie 
Beene: 

As the true characteristic equations for fluids are the key 
to many chambers of molecular physics, [ have been able to 
enter many of these, and especially to discover the true law 
of the parameter A without exception. To give an idea of 
the scope of these investigations free from detail, I furnish the 
following table of Wont _ 

1. Hstablishment of characteristic equation for compounds 
above the region of the critical volume, with proof that there 
is discontinuity in the liquefaction of compounds. 

2. The same for the gaseous elements, with proof of con- 
tinuity during liquefaction in their case. 

3. Brief discussion of exceptional compounds such as the 
alcohols and ethylene. 

4, Establishment of characteristic equation below the region 
of the critical volume, its main feature being the occurrence 

* Read June 24, 1892. 
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in it of the same internal virial constant as in the equation 
for the region above the critical volume. 

d. A short digression on the general interpretation of 
Clausius’s equation of the virial. 

6. Consideration of Van der Waals’s generalization that if 
each substance has its temperature, pressure, and volume 
expressed in terms of the critical values as units, one and the 
same law applies to all bodies ; proof that this is true for 
elements and compounds separately, above the critical region, 
and approximately true below. 

7. Five methods of finding the internal virial constant : 
first, frem the expansion and compression of the substance as 
gas or vapour; second, from its expansion and compression 
as liquid ; third, from its latent heat ; fourth, from its critical 
temperature and pressure; fifth, from its surface-tension : 
all the methods being afterwards proved to give accordant 
results for a large number of compounds. 

8. The fifth or capillary method treated in greater detail, with 
digressions on the Brownian movement and molecular distances. 

9. Establishment on theoretical grounds of Eétvés’s rela- 
tion between surface-tension and molecular domain (volume). 

10. Tabulation for a large number of bodies of the product 
of the square of the molecular mass by the virial constant 
determined by several methods, and verification thereby of 
the general principles preceding. 

11. Establishment of the law connecting the virial constant 
of a substance with its chemical composition. Definition of 
the Dynic Equivalent of a substance and determination of its 
value for several radicals. 

12. Close parallelism between Dynic Hquivalents and 
Molecular Refractions. 

13. Return to the discontinuity during liquefaction of com- 
pounds, and proof that it is due to the pairing of molecules. 

14. Brief discussion of the constitution of the alcohols as 

liquids. 

’ 15. Methods of finding the virial constant for inorganic 
compounds, including a theory of the capillarity and com- 
pressibity of solutions. 

16. Tabulation of the product of the square of the molecular 
mass by the virial constant for inorganic compounds, and 
determination of the Dynic Equivalents of the metals in the 
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combined state. Again a close parallelism between dynic equi- 
valents and molecular refractions or refraction-equivalents. 
17. Meaning of this parallelism ; general speculations as to 
the volumes of the atoms and their relation to ionic speeds. 
18. Attempt to determine the velocity of light through the 
substance of the water-molecule. 
19. Suggested relation between the change in the volume of 
an atom on combination and the change in its chemical energy. 


1. Establishment of the characteristic Equation for Com- 
pounds above the region of the Critical Volume, with proof 
that there is discontinuity in the liquefaction of compounds.— 
Amagat established (Ann. de Chim. et de Phys. sér. 5, t. xxii.) 
that for gases Op/OT is a function of volume only down to 
volumes near the critical, but that at lower volumes it begins 
to vary with temperature. Ramsay and Young (Phil. Mag. 
May 1887), while verifying the independence of Qp/dT on 
temperature above the critical volume for such bodies as ethyl 
oxide and the alcohols, sought to show that this independence 
continues right into the liquid state ; but, as a matter of fact, 
their temperature-range in the experiments below the critical 
volume is not great enough to decide the question one way or 
another. We shall see that in the case of compounds Amagat’s 
conclusion is the correct one, while in the case of the elements 
Ramsay and Young’s contention appears to hold. The con- 
viction that Qp/dT becomes slightly variable with temperatur« 
below the critical volume was one reason that determined m« 
to represent the behaviour of fluids by two equations merging 
into one another ; the one applying down to near the critical 
volume, the other below that. 

Clausius’s equation of the virial is to be our guide in 
studying Op/oT, 

gpo=Z4ymV?—} LEM, 
where V is velocity and R is force between two molecules at 
distance r apart. 

According to the law of the inverse fourth power, the 
double sum of the internal virial reduces to an expression 
varying inversely as the volume and independent of the tem- 
perature, as I have shown before (Phil. Mag. July 1887), 

If we integrate Amagat’s relation dp/dT=/(v), we get 


P=S)l + $C); 
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and as in the perfect gaseous state pu= RT, where v being the 
volume of unit mass and T reckoned as temperature C.+ 278°, 
R varies inversely as the molecular weight of the substance, 
we will write our equation in the form 


po=RTr/(v) +090), 
where we see that vp(v) stands for the internal virial-term. 
If, then, according to the law of the inverse fourth power, the 
internal virial varies inversely as v, then v’$(v) ought to be 
constant. Now Ramsay and Young have carefully tabulated 
the values of R/(v) and ¢$(v) for different values of v in the 
case of ethyl oxide ; so it is easy to tabulate Ruf(v) and vd(v), 
as we proceed to do in the following Table, where v is the 
volume of a gramme of ethyl oxide in cubic centimetres, and 
the metre of mercury is the unit of pressure. These units 
will be used throughout when we are dealing with experi- 
mental results involving pressures ; but when necessary, for 
theoretical convenience, we will convert to absolute units. 


TaBLE [.—Ethyl Oxide. 


| 


v. Rof(v). | v?o(2). vy. | Roaf(v). | v?9(v). 

Perfect gas. 842 33 1758 | 2413 

100 ‘912 710 30 1:865 | 2366 

50 ‘973 5190 2°75 2013 | 2871 

20 1129 4554 25 2:30 2487 

15 1-201 4302 24 2°42 2519 

10 1:327 3908 2:3 2-56 2550 

8 1-409 3661 2:2 2°73 2589 

6 1525 3308 271 2:95 2646 

5 1595 3047 2:0 3°19 2691 

4 1-654 2656 19 3°54 2771 
37 1682 2534 


The critical volume of ethyl oxide is between 5 and 4; so 
that if Qp/OT does become variable with temperature below 
the critical volume, the values of Rvf(v) and v?(v), caleu- 
lated for volumes below 5, on Ramsay and Young’s assump- 
tion that even below the critical volume Qp/OT is independent 
of temperature, will be affected with an error of more or less 
importance ; they may therefore be regarded as a first approxi- 
mation only and are added for comparison. 

The first point to notice in these numbers is that Ru/(v) 
increases steadily from its limiting value ‘842 in the perfect 
gas state to double that amount near the critical volume, while 
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at the same time v’(v) diminishes from its limiting value in 
the gaseous state to the half of it near the critical volume. 
This result would seem at once to contradict the law of the 
inverse fourth power; but we shall see in the sequel that, in 
compression down to the critical region, there is a process of 
pairing going on among the molecules and producing this de- 
parture came the requirements of the law of the inverse fourth 
power, uncomplicated by such a process. 

It is to be noted that the limiting value of w’(v) is diffi- 
cult to determine experimentally, because }(v), the quantity 
measured, tends to the limit zero. But while below volume 4, 
Rv/(v) increases with increasing rapidity, v’(v) remains 
almost stationary, it dips a little and then increases ; but 
remembering that its values count only as first approxima- 
tions, we may assume thai v?d(v) attains near the critical 
volume a value which remains constant in the liquid state, 
and is about half of the limiting value for the gaseous state. 
Thus there is discontinuity in the passage from the region 
above the critical volume to that below (or, more briefly but 
less accurately, during liquefaction). We must svote carefully 
that in the range of volume from 4 to 1:9, which is a large 
liquid range, v*$(v) remains constant, as it should according 
to the law of the inverse fourth power, now that the process 
of pairing is completed. 

To represent Re/(v) ) I found the torm R{1+42k/(v+k)} to 
be efficient ; it gives the limit 2R to the function when v=k; 
and as *842 is the known value of R, each of the above 
tabulated values of Re/(v) yields a value of &, the mean value 
4-066 having been adopted by me. ‘The other function, 
v’$(v), proved no less amenable to simple representation, the 
form found to fit it being lv/(v-+), which attains the value 
1/2 when v=k; and as the value of & is known, we can calcu- 
late from each tabulated value of v’(v) a value of J, and 
again adopt the mean value 5514. Hence down to near the 
critical volume we have the behaviour of ethyl oxide repre- 
sented by the simple form of equation 


2k 
po= RT(1+ a, 


involving only the two constants / and / peculiar to ethyl oxide. 


l ; = 
)- eae with k=4°066 and /= dd14, 
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We will now compare a few values of the pressures, in 
metres of mercury, given by this equation with those found 
by Ramsay and Young. | 


TABLE II, 


| Volume’ ......... 100. 50. 20. 10. 6. 


175° 0 if | Pressure, experiment. | 3°500 6620 13:88 
* { Pressure, calculated. 3538 6634 13°78 


1060 { Pressure, experiment. | 3°710 | 7-020 | 1506 | 23:00] 27-00 
| Pressure, calculated. 3°719 7-021 14°90 | 22:99} 27-44 

280° C Pressure, experiment. | ....... | sseeee 19°80 | 34:59} 49-62 
* || Pressure, calculated. | ...... |  .e.0ze 19°69 | 34:28) 49-00 


The agreement is as close as can be looked for; because 
although Ramsay and Young measure volumes to within 
‘O01 centim., and pressures to within 2 centim. of mercury, the 
quantities measured cannot be considered known with that 
degree of accuracy; for the discrepancies between their mea- 
surements and those of Perot (Ann. de Chim. et de Phys. 
ser. 6, t. xill.), who made special determinations in a large 
globe of the saturation-volume of ethyl oxide at different 
temperatures, are greater than those in Table II. Accord- 
ingly it would be useless to seek a better empirical represen- 
tation of Ramsay and Young’s results than the above ; and 
as we are chiefly interested in establishing our simple form of 
characteristic equation, we had better proceed at once to the 
consideration of Amagat’s experiments on carbonic dioxide, 
practically identical with Andrews’s, but more extensive. 
Amagat’s unit of volume is 379 of that occupied by the gas 
at 0° and 1 atmosphere; taking the weight of a litre of the 
gas at 0° and 1 atmosphere as 19777 gramme, we can 
convert Amagat’s data to the gramme and centim. as units. 
The following Table is arranged in the same way as 


Table I. :— 
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TapiE I1].—Carbonic Dioxide. 


v. Rof(v). | v?9(2). v. Rof(v). | v?9(~). 

Perfect gas. | 1-421 2°64 2°56 1661 

7°34 1:92 2159 2°35 2°64 1566 

(7:00) (2:11) | (2500) || 2°05 2°77 1482 

| 514 2°13 2071 || 191 2°86 1441 

(5-00) (2:37) | (2400) || 1-76 | 3802 | 1480 
3°67 2:31 | 1858 an 


(The bracketed numbors are introduced from Andrews.) 


A glance at this Table shows the same facts to be in it as 
in Table I. The critical volume of CO, is somewhere about 2; 
and we notice that near this volume Rv/(v) tends to double 
the value 1:421 in the gaseous state, while at the same point 
v’(v) approaches a constant value about the half of what 
must from inspection be estimated as the upper limit of it. 
Both functions are accurately represented by the same forms 
as in the case of ethyl oxide with k=1°762 and /=2773, 
With these values the following pressures were calculated for 
comparison with experiment :— 


TasLe [V.—Carbonic Dioxide. 


Le Ty Ginn S82 n74.) 88. | 587. 367, | 2-64. | 2:20. 


100° ©, { Pressure, experiment. | 39 49°83 | 69 | 96°8-| 124 | 1438 
| 
| 


Pressure, calculated. | 89°4 | 504) 70 | 99 23 wt S7. 

70° ¢, { Pressure, experiment. | 345 | 437 | 588 795 95 | 105 

* ) | Pressure, calculated. | 348 | 440 | 59°4 | 80:0 | 94 | 100 

| | | | | 

Pressure, experiment. | 29°77 | 36°5 | 46:4) 55:8 | 61 63°6 

| Pressure, calculated.  29°5 | 3865 | 47:0 | 57-5 |. 60 57:7 
| | | 


35° O. { 


The agreement is quite satisfactory except at the lowest 
volume, which is near the critical ; and I have shown (Phil. 
Mag. August 1887) that near the critical point in capillary 
tubes the relation of pressure to volume becomes fickle, the 


LAWS OF MOLECULAR FORCE. 37 


measurements of Andrews and Amagat differing from one 
another as much as experiment and calculation in Table IV. 
To illustrate this at higher volumes I introduced into Table III. 
a couple of Andrews’s values of Rv/(v) and v?(v), from values 
of Rf(v) and ¢(v) calculated by Ramsay and Young (Phil. 
Mag. 1887), after conversion of Andrews’s air-manometer 
indications to true metres of mercury. It will be seen that 
Andrews makes Qp/OT a little larger than Amagat ; and this 
being so, it is not worth while to seek for closer agreement 
than that in Table IV., at least at present. 

We have, however, a sensitive means of determining whether 
the form and the values of the constants adopted truly repre- 
sent the behaviour of CO, closely enough at high volumes,— 
namely, Thomson and Joule’s and Regnault’s experiments on 
the cooling of CO, when it escapes through a porous plug 
from under pressure (Phil. Trans. 1854-1862; Mém. del’ Acad. 
xxxvii.). Natanson (Wied. Ann. xxxi.) has repeated the Joule 
and Thomson experiments on CQ, under the more favourable 
conditions afforded by the commercial sale of the fluid in 
large quantity and great purity, so that he has been able to 
measure not only the cooling effect for a given pressure excess, 
but also its variation with pressure. Taking all these experi- 
ments together, we have a delicate test for the equation at 
high volumes. 

The most convenient expression for the cooling effect for 
our present purpose is 

dé dv 


Sadi = i ?3 
where 6 is the cooling effect, K, is the specific heat at constant 
pressure, and @ is temperature on the absolute thermo- 
dynamic scale. In previous papers I took from Joule and 
Thomson’s original investigation 0=T+°7°, not then aware 
that Sir W. Thomson, in his article “ Heat” (Encyc. Brit.), 
had by a fuller discussion of all the experimental data proved 
6='T, and so removed the difficulty that the term ‘7 opposed 
to the harmony of the thermodynamic and molecular kinetic 


conceptions of temperature. : 
EZ 
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With our characteristic equation the cooling effect is, after 
the appropriate reductions, given by 


Kyi, = 2 URT—# +p} 4(YRE—B(YRT— 24) 
— 2k(1/RT — 2k) —Ik/RT}/RT. 


Within Joule and Thomson’s range of pressure this can be 
reduced to 

KO esRte: 

fdpag > 

and dé can be made to stand for the integral cooling effect if 
dp stands for the integral excess of 2°54 metres of mercury, 
to which they reduced their results. The term in p will be 
taken account of when we come to Natanson’s results. From 
Regnault’s data we haye, in dynamical measure 


K,=424(:187 + :00027?). 
TABLE V. 


(Cooling effect of CO, escaping through a porous plug under 
a pressure excess of 2°54 metres of mercury.) 


Temperature C....|7°7°4.| 8°. |19°-1.)35°°6.| 54°. | 919-5. | 93°-5,| 97° 5. 


Th. and Joule ...| 44 |=4-2°) 39 | gdei-oop—l oan lodeln a 
Galoulited 0,18) 44| 441 44] 37 |34--1 27 | a7 | 2 


Temperature OC. |—25°) 3°. | 100°. 


Regnault ..... sep ekor || Se | 
Calculated......... 55 |. -4:5 | 26 


The agreement is as good as possible if both sets of experi- 
ments are taken into consideration. But Natanson’s result 
affords a more delicate test; he found that at 20° up to 25 
atmospheres the cooling effect for a pressure excess of one 
atmosphere could be represented by 


dd 

in ahs 18+°0126 p; 
while the theoretical equation above gives 

a =1:23+:012p, 


dp 
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which is practically identical with Natanson’s, On account 
of the closeness of this agreement we obtain as an indirect 
conclusion, that the experimental work on CO, taken as a 
whole makes the absolute thermodynamic zero —273°, the 
same result as Sir W. Thomson has obtained for air and H 
in the article “Heat” (Eneye. Brit.), while for CO., using 
only Regnault’s coefficient of expansion and Joule and his 
own cooling effects, he found —273°°9. Now that COQ, is 
seen to he in harmony with the other two more perfect gases, 
the number 273 may be accepted definitely as the absolute 
temperature of melting ice. 

The equation therefore applies accurately at high volumes, 
a fact which we can prove by another test, seeing that Amagat 
carried outa special research (Compt. Rend. xciii.) to determine 
the ratios of pv top'v' at different temperatures and up to yalues 
of p! about 8 atmospheres, v being double v’, 


TaBe VI. 


(Values of pv/p'v' at high volumes for COQ,.) 
(p=5'7 metres of mercury : v=2v!.) 


Temperature C. ...... 50°. 100°. 200°. 300°. 
AAP atien¢--yecons esas | 1:0145 1:0087 1-0040 1-0020 


Walonlated: ... ssc. <..5 | 10156 | 1-0092 1-0026 1:0000 
| 


As the experiments are not free from lability to an error of 
1 in 1000, the agreement is again close enough to prove the 
applicability of the equation at high volumes. 

In the sequel it will be shown that this equation applies to 
the great majority of compounds, but meanwhile the only 
other experimental determinations similar to those already 
discussed for ethyl oxide and carbonic dioxide are Amagat’s 
for H,, 02, No, CH,,and C,H,; Roth’s for SO, and NH; (Wied. 
Ann. xi.); Janssen’s for N,O (Wied. Berbl. ii.) ; and Ramsay 
and Young’s on methyl and ethyl alcohol (Phil. Mag. Aug. 
1887). Our form of characteristic equation applies to 
S0,, NH;, and N,O successfully, but not to H», O;, No, and 
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CH,, which require a still simpler type, the alcohols on the 
other hand requiring a less simple type. These are the 
values of k and J for SO,, NH;, and N,O :— 


SO,. NH,. N,0. 
Bae coon OS 4:8 ey 
PO Bee PHY 22040 3420 


with which the following pressures have been calculated for 
comparison with the experimental data, the latter being taken 
direct from air or nitrogen manometer without correction for 
departure from Boyle’s law. 


TasLeE VII. 


SO, at 99°°6. NA, at 99°°6. N,O at 25°1. 


v, pexp. | p cale, v, p exp. | p cale. OB pexp. | p cale. 


| 4ar9 | 79 | 80 | 172 76 | 76 |} 70 | 391 | 372 
176 | 171 | 170 | 857 in 8 | 147 || 536 | 426 | 42-4 
136 | 212 | 208 | 654 | 188 | 189 || 378] 43-9 | 46-7 

99 | 260 | 262 | 400 | 286 | 2941 


At 183°. At 183°. At 43°°8. 


| 21-7 | 22:0 41160 103 | 102 5:86 | 49-4 | 47-9 | 
| 196 || 462 | 556 | 544 
42°1 3:47 | 61:4 | 61-0 
854 || 282 | 641 | 64:3 


This comparison has been made only to show that the form 
is applicable to other bodies as well as to ethyl oxide and car- 
bonic dioxide ; full confirmation of the form will come later 
on, in the study of many of its applications. 


2. Establishment of the Characteristic Equation for the 
Gaseous Elements, with proof of continuity during liquefaction. 
—The simplest plan in the case of the gaseous elements will 
be to take nitrogen as typical and tabulate for it Rrf(v) and 
v’d(v) from Amagat’s experiments up to 320 metres of 
mercury. 
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TABLE VIII.—Nitrogen. 
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v, Rof(v). v°(v). v. Rof(v). v?o(v). 
| 
Perfect gas 2-233 415 "25 1188 
9°22 2°63 3°69 3°40 1007 
6-91 2°77 1197 3°46 3:44 982 
5°76 3°08 1396 3-23 3°80 1250 
4°61 2-94 | 809 


The values of v?f(v) are unsteady, because the departures from 
Boyle’s law are so small that }(v) cannot be determined with 
accuracy ; but it is clear enough that v’h(v) does not tend to 
diminish within the range of volume available, not a wide 
enough one, however, to convince us that there is a radical 
difference between the course of this function in elements and 
compounds. But if weadopt from this Table as it stands the 
only possible conclusion that v’p(v) is constant, we shall be 
able to justify it by its consequences. In contrast to the 
constancy of v*f(v) is the tendency of Ref (v) at low volumes 
to double its perfect gas-value. 

In the case of H, and QO, the two functions run a similar 
course to that for No, but it is a more unexpected fact that 
they also do the same for the compound methane, CH,, as is 
shown in Table IX. 


TasLe 1X.—Methane. 


v. Ref). v*o(v). v, Rof(v). vo(v) 
Perfect gas. 3°908 12°11 5:24 6900 
32:3 4:16 10:09 543 6400 
28:2 4:30 5600 8:07 5°95 6500 
24-2 4:39 6200 1:27 6:47 7000 
202 473 6900 6:46 6:80 6800 
16-1 473 6200 6:05 673 6200 


It is evident that we have here to do with v*(v) asa constant, 
that is with an internal virial varying inversely as the volume 
down to near the critical volume, and Rv/{v) tending some- 
where near that point to about double its value in the perfect 
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gas state. The course of Rv/(v) in these four gases is repre- 
sented by the simple form 


nied (Dp 


which attains the value 2R when v=k. Hence the charac- 
teristic equation down to v=k is 
k 
9 l 
prowt(s _. eo 


5 otto 


a form which I had already adopted for air (Phil. Mag. Aug. 
1887). The following are the values for & and / :— 
H. N,. O,. CH,. Air, 
hee 120 2°64 1°78 5°51 2°47[ 2°11] 
Lowe ALT00 pal ies 8 ol 6460  1110[910] 
The values given in brackets for air are those previously 
found by me from Amagat’s data (Compt. Rend. xcix.), but as 
these data are not carried to such high pressures as those for 
N, and O,, I have calculated values for air by adding to four 
fifths of the values for N, one fifth of the values for Oy. 
This equation is almost identical with that of Van der 
Waals, but it is a little simpler. It gives the following pres- 
sures for comparison with Amagat’s experimental results :-— 


_ TABLE X. 
Hydrogen. | Nitrogen. Oxygen. 
Ati7-7° C. | At licieie: At 14°7°:0, 

v. p exp. | p cale. OF p exp. | p cale. v. p exp. | p cale. 
1669 | 575 | 569 | 1383 | 46 | 457 || 573 | 889 | 80-7 
100:1 99 99 6-91 92 91 358 | 141 142 

60°1 | 176 176 461 145 142 258 | 201 203 
46°7 | 238 241 3:69 194 188 2°43 | 216 219 
3°23 223 226 
At 100° C. At 100° C. At 100° C, 

1669 | 74:2 | 733 || 18°83 60 60:5 || 5°73 | "123- | 124 
1001 | 129 128 6-91 125 124 3°58 204 204 
60:1 | 230 229 || 461 200 199 2°58 300 301 
467 | 311 315 || 3:69 | 270 266 243 | 322 | 327 
| 3:23 | 320 823 


See Tee ee ee ra se. oe 
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The experimental numbers for oxygen are taken from Amagat’s 
data in the Comptes Rendus, xci. 

The most delicate test we can apply to our form at high 
volumes is, in the case of air, to compare the calculated with 
the experimental Thomson and Joule cooling effect. When 
I did this with the previous equation for air (k=2°11 and 
1=910), I assumed the difference ‘7° to exist between the 
melting-point of ice on the thermodynamic and gas ther- 
mometers ; but, as already pointed out, Sir W. Thomson 
having proved this difference not to exist, there must have 
been a compensation of errors in the application of the 
previous equation. Thomson’s expression for the cooling 
effect, applied to our equation for air, becomes 


K,d6/dp = 2l/RT —k/2, 
which gives the following calculated values :— 
Cooling effects of air escaping through a porous plug into 


the atmosphere under a pressure excess of 2°54 metres 
of mercury. 


Temperature C............. fied S IVE. 39°5. 92°°8. 
Experiment . . . °88 *86 375 5)! 
Colcniation 2 ~.° . 84 80 “71 “55 


The agreement is the closest to be looked for, and proves the 
accuracy of our equation for air at high volumes. 

At low volumes we can test the form for all the elementary 
gases and CH, by applying it to the calculation of the critical 
volume, pressure, and temperature in each case. To do this 
at. the present stage we must assume that our form can be 
trusted to hold not only to the critical volume but also a little 
past into the liquid region, a legitimate assumption for the 
elements, where we have seen the internal virial varying 
inversely as the volume, and so giving a guarantee of con- 
tinuity, but not legitimate for the compounds where dis- 
continuity occurs. Then, applying James Thomson’s idea 
of the passage from the gaseous to the liquid state, as pre- 
cisionized by Maxwell and Clausius, we have the critical point 
determined by the conditions Qp/dv=0, 0*p/dv?=0. 

Along with the characteristic equation these lead to the fol- 
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lowing values:—critical volume ve=3h/2 ; critical temperature 
T,=161/27Rk; critical pressure p,=4l/27k?,to compare with 
the experimental values found by Olszewski for O2 and Ne 
(Compt. Rend. c.), by Wroblewski for air, and by Dewar 
for CH, (Phil. Mag. 1884, xviii.). 


TABLE XI. 


Jaly N, O;: CH, Air 
Critical ffexperm. Wis .. cc 3-4 2°5 
Volume! OALGs «anno iw prea 3:96 267 
| Critical ~fexper. ...]....+ —146 | —119 |—995. | —140, 
Temperature. | cale.... ..) ~ =229 —155 | —127 | —95 —149 
Critical exper, << felt sey 27 38 37 30 
Pressure. Calera 19 25 40 32 27 


The agreement is all that can be looked for in view of the 
difficulties of measuring these low critical temperatures and 
their associated pressures. With regard to hydrogen all we 
know is that Olszewski (Compt. Rend. ci.) has submitted it to 
a temperature estimated by him as —220° without a sign of 
liquefaction. If our equation is to be trusted, it would indi- 
cate that he would need to go some 10 degrees lower before 
the only unliquefied gas is conquered. Wroblewski has pub- 
lished data on the compressibility of 1, up to pressures of 70 
atmospheres at temperatures of —103° and —182° (Journ. 
Chem. Soc. 1839), and with these our equation is in accord, 
but there is hardly need of tabulated proof. 


3. Brief discussion of exceptional Compounds such as the 
Alcohols and Ethylene—To complete our survey of the ex- 
perimental material on bodies above the critical region. we 
have to consider Ramsay and Young’s observations on methyl 
and ethyl alcohol, and Amagat’s on ethylene. Ramsay and 
Young point out that at low volumes the values of 3/0T for 
the alcohols are not so reliable as for ethyl oxide, being deter- 
mined from a smaller temperature range ; hence our values of 
Rvf(v) and v*p(v) are not so reliable as before, but they 
suffice to show the exceptional nature of these bodies. 
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Taste XII.—Methyl Alcohol. 

v. Roflv). | v?¢(e). | v, | Rof(v). | v?9(v). 
Perfect gas. | 1:950 1 25 3:50 | 24800 
340 214 | 20 3:70 | 23000 
240 232 | 45500 | 18 3°79 | 22000 
200 2-40 | 48000 | 16 | 397 21700 
17 | 2-46 | 46100 | 14 | 418 | 20900 
135 2:56 | 43700 | 12 4:38 19900 
100 270 | 41000 11 | 4-46 19000 
70 3:04 | 42100 10 453 17900 
50 3:10 | 33500 9 4°58 16700 
40 320 | 30200 | 8 4:55 | 15000 
30 3:87 | 26800 | 7 4-39 12900 


Ethyl Alcohol. 


v. | Rof(v). | v¢(v).. | v. Rof(v). | v?o(v). 
Perfect gas. | 1°35 8 3°43 11300 
108-2 165 | 18000 6 3°34 8600 
53°4 1:83 15000 4 3°37 6200 

30 2:16 15000 3 3°51 5000 
2671 2°31 16000 2-4 3°93 4600 
18:2 } 2°88 © | 17000" 2 4:87 4700 

12 | 332 | 15000 | 1:8 5:83 4900 
10 | 341 13500 16 7-06 4900 

9 | 3°43 12500 | 14 8°81 4700 


The numbers for methyl alcohol do not extend as far as the 
critical volume, while those for ethyl alcohol go considerably 
beyond it, lying as it does between 3 and 4; but we notice 
in both cases that Rv/(v) increases from the limiting gaseous 
value, but attains a practically constant value before the 
critical volume is reached. In ethyl alcohol we may say that 
the value 3:4 is retained from volume 10 to volume 3, and 
moreover this 3°4 is not now double the initial 1°35, but about 
2°5 times it. In methyl alcohol the value 4°5 may be said to 
be retained constant from volume 11 to 7, the lowest on the 
table; so that it is probable that, as in the case of ethyl alcohol, 
this value will be retained down to the critical volume: here 
again, also, the 4°5 is more than double the initial 1-95, but is 
only 2°3, not 2°5, times it. 

Note that, in ethyl] alcohol, as soon as the critical volume is 
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passed Rv/(v) begins again to increase rapidly, just as 
happened in the case of ethyl oxide. But for our present 
purpose more interest attaches to the course of v*p(v). In 
methyl alcohol at high volumes it seems to approach a limit 
which we may assign as 46,000, and then at volume 16, 
where Rvf(v) has risen to double its initial value, v?(v) has 
fallen to almost half of 46,000, but as Rxf(v) continues to rise 
v?o(v) continues to fall, and still continues to do so even when 
Rvf(v) has become constant. In methyl alcohol we cannot 
follow the changes right down to the critical volume, but in 
ethyl alcohol we see that v*p(v) attains at the critical volume 
a value which is carried constant into the liquid state, this 
constant value being about one quarter of the apparent limiting 
value 20,000 at large volumes. The constancy of v?f(v) below 
the critical volume is in striking contrast to the rapid variation 
of Ref(v). 

I have not sought to represent by formulas the course of 
the two functions for the alcohols, as I have doubts about 
op/oT being independent of temperature in the case of the 
alcohols ; if it is variable then the values of our functions are 
affected with error. In any case we have seen that above the 
critical region the alcohols behave differently from our two 
typical compounds, ethyl oxide and carbonic dioxide ; in 
section 14 it will be seen that in the liquid region, on the other 
hand, the alcohols approach the regular compounds in many 
respects, but are still exceptional in others. There remains 
now only ethylene to consider as to its gaseous behaviour. 


Taste XIII.—Hthylene. 


0. Ryf(v). | v?6(v). | v, Ruf(v). | v?6(v). 
Perfect gas, | 2°22 461 415 4500 
20°75 2°71 5800 415 4°45 4500 
16:14 2°78 5320 | 3 69 481 4400 
11:53 3:07 5500 | 3°22 571 4700 
9°23 3°24 5300 2°77 6-41 4400 
6°92 3°58 5100 | 2°65 6°63 4200 
5-76 3°83 4900 | 2°54 787 5000 


According to Cailletet and Mathias (Compt. Rend. cii.), 
the critical volume of ethylene is about 4:5; so that, again, in 
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the above table we see Rv/(v) near the critical volume attaining 
double its initial value and increasing rapidly thereafter. Once 
more, too, we see v’f(v) attaining near the critical volume a 
value which it retains constant below ; but ethylene is excep- 
tional in that this value is not half the limit at high volumes. 
The facts in the above table may be summarized in the state- 
ments that Rz/(v) may be represented by the form R(1+4/v), 
and vf(v) by the form vl/(v+a) ; so that the characteristic 
equation for ethylene is 


: k l 
Te Hl (+5 )-so 


with k=4°15, a=1°64, and 1=6270. 

The form for ethylene is intermediate in simplicity between 
that for the simple gases and that for compounds, except that 
it has an extra constant. It is also worth noting that the 
forms 


> [(o-$), k/v, and 2k/(v+k) 
are special cases of a general form 


nk]{o-+(n—1)k}, 
with n=, 1, and 2. 


4. Establishment of Characteristic Equation below the 
region of the Critical Volume.—Now that we have practically 
exhausted the available data of the gaseous state, we see that 
by themselves they do not give much scope for generalization ; 
but if we can secure an equation applicable from the critical 
volume down to the volumes of liquids in the ordinary state, 
then, with two equations covering almost the whole range of 
fluidity, we shall have a much larger experimental area laid 
under contribution for information on the characters of 
molecules. 

Already we have secured one important fact towards the 
acquisition of such an equation, namely that below the critical 
volume the internal virial term varies inversely as the volume ; 
and in the case of ethyl oxide we know its actual amount //2v 
with 7=5514. Wehave therefore only to add to //2v Ramsay 
and Young’s values of pv at different temperatures for different 
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volumes below the critical, and we obtain the values of the 
kinetic-energy term in the desired equation ; we can then 
proceed to study how this quantity depends on temperature 
and volume, and express the resulting conclusions in a 
formula. 

As to the form we have this clue, that it must join on con- 
tinuously with the previous one where that ceases to be appli- 
cable. Now the first fact to notice is that our form for 
compounds above the critical region cannot, like that for the 
elements, give a critical point by itself at all ; for given p 
and T it is not a cubic but a quadratic in v, and hence cannot 
give us the three equal roots which are adopted as charac- 
teristic of the critical point when we apply the conditions 

Op/00 =), 0, 2/00 = U- 
This emphasizes the discontinuity in compounds as contrasted 
with elements. However, we know as an experimental fact 
that at the critical point 0p/dv=0, which with the charac- 
teristic equation gives us only two relations between the 
critical temperature, pressure, and volume. Asa third relation 
that would perfectly define these three quantities I was led to 
believe that the critical volume is proportional to &, and found 


phat critical volume v,=7k/6 


is the relation which, with the two others, gives successfully 
the numerics of the critical state in agreement with ex- 
periment. As this will be proved subsequently (Section 10) 
for a large number of substances, I will not delay at present to 
give examples, except for those compounds for which we have 
already found & and /. 


TABLE XIV. 


Critical temperature, T,=120//409 Rk ; critical pressure, 
p =861/409 k. | 


(Oma 20.) COn 2), SOxte ls Mila cha N Oe 


3 2 
Critical ae | 194 32° | «155 130 35 
Temperature. | cale....... 199 | Oe he H26 96 36 


Critical Pate Fel eri 59 60 87 57 
Pressure. CALC ieee 29'3, ete Oma OO 84 57 
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_ The want of accuracy in the agreement in parts of this 
table is to be ascribed partly to inaccuracy in the ordinary 
determinations of the critical point, as I have already pointed 
out that capillary action must sometimes largely affect the 
numerics of the critical state when these are determined in 
capillary tubes (Phil. Mag. August 1887). Regnault, in 
his account of his experiments on the saturation-pressures of 
CO,, expressly declares that be had liquid CO, at 42°, which 
is 10° above the apparent critical temperature in capillary 
tubes ; and Cailletet and Colardeau (Compt. Rend. cviii.) 
have shown that although the meniscus between gas and 
liquid CO, disappears to the eye about 31° or 32°, yet cha- 
racteristic differences between liquid and gas can be proved 
to exist several degrees higher than this. Hence an error of 
at least 10° is possible in ordinary determinations of critical 
temperatures. On the other hand, an error of 5 per cent. in 
the value of an absolute temperature of about 400° as given 
by our equation would amount to 20°. Table XIV. is to be 
taken in the light of these facts. 

We have now ascertained a second property that our 
equation for volumes below the critical is to possess : it must 
begin to apply when v=7k/6, as the other form cannot apply 
below this volume at the critical temperature. At this volume 
the kinetic-energy term in our form above the critical region 


becomes 

RT(14+12/13), or 25RT/13; 
so that 25R/13 is the lower limit of the term which in the new 
equation is to take the same place as Rv/(v) hitherto. Hence 
for this term the form 


25R(1+F(x))/13 


naturally suggests itself, and as F(v) is to vanish when 
v=7k/6, we get (7k/6—v) /(v) as a suggestion for its form ; 
and it only remains from the data obtained, as I have said, by 
adding 1/2v to Ramsay and Young’s values of pv for volumes 
of ethyl oxide below &, to determine the form of the function 
ay(v). This was found, after a rather tedious search, to come 
out in the simple form 


vT(v—B) B; 
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so that finally we have the following as the equation for ethyl 
oxide below the volume £: 
ee —v\_/ 
with the following values for the constants : 
Ri=25R/13, <= ThH6,) B=63ly (8 =Tis, 
R, &, and / as before. 


I propose to call this the infracritical equation. It is to be 
noticed that we have introduced only two additional constants ; 
so that, as regards number of constants, we could hardly 
look for a simpler form. 

Above the volume 74/6 the appropriate form was proved 


to be 
2h l 
po = RT(1+, =) sau 
which I propose to call the supracritical equation. 
Between k and 7k/6 we have the circacritical form 


aD ee y 
‘v—B otk 


This, then, gives the complete representation of ethyl oxide 
in the fluid state if we establish the sufficiency of the infra- 
critical form, as we now proceed todo. In the next table are 
compared the pressures found by Ramsay and Young and 
those given by the equation. 


pos RT(1+5 


TasLeE XV.—Liquid Ethyl Oxide. 


Volumet, tine esheets 37. 2°75. 2:25. 2. Ig: 
ro Pressure, exper. .| 28 age 4s sl bax 
195° 0, { “8 aloe fi) 182 26 45 
ea (Pressure; expelseden sce ljetocarer 19 43 
176 o.{ h ytalowe eo at gee 14 48 
| Pressure, 16xPers5 || sass cess. ily raeoc teen ame eee cn ee 19°53 
| 100" 0. { i” (CALC. cl Recweee. |, vonesacca [lear | te neeee 20 
bs, : 


For the proper appreciation of this table it must be borne 
in mind that as soon as we enter the liquid region the pv term 
of the characteristic equation becomes the small difference of 
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two terms, a small percentage error in either of which becomes 
a large one in pv. The fact that the above table brings out 
is that from 150° to 195° the relation between volume and 
temperature given by the equation is so accurate as to make 
only the small errors in pressure in the above table. But to 
show this more directly, we will now compare the volumes of 
the liquid under a pressure of 9 metres of mercury between 
0° and 100°, as determined by Grimaldi (Wied. Beibl. x.) and 
as given by the equation. The specific gravity of ethyl oxide 
at 0° and under one atmosphere is taken as ‘7366. 


Tass XVI. (p=19°5 metre.) 


Temperature ..,....... 0°. 50°, 100°. 1502. 
Volume, experiment......... 1-355 1469 1630 19 
5 calculated ......... 1:354 1467 1633 19 


This, taken in conjunction with Table XV., shows that the 
equation represents with a high degree of accuracy the ex- 
pansion of liquid ethyl oxide right up to the critical volume. 
It is now to be tested as to its power to give compressibilities 
correctly. The next Table contains the calculated compressi- 
bilities of liquid ethyl oxide, and also the experimental as 
given by Amagat (Ann. de Chim. et de Phys. 5 sér. t. xi.), 
Avenarius (Wied. Beib/. ii.), and Grimaldi (Wied. Beibl. x.). 
Amagat’s values had to be interpolated for comparison with 
the others. 


TaBLe XVII. 
Compressibilities with metre of mercury as pressure-unit. 
Temperature ......... Oe: 40°. 60°. 100°. 
JATIN 9S Ai eennocr ee Seen ‘000200 | 000309 ‘000380 | 000730 
PAV ONATIUIG(: ssanovanecneasree ons ‘000178 | :000317 | :000403 | 000654 
Grimaldi .......... seveeveeaee} °000207 | 000316 | -000407 | -000632 
Hiquation ..ii.ciiseccss sonst 000188 | *000300 | ‘000392 | -000710 


VOL, XII EF 


52 MR, WILLIAM SUTHERLAND ON THE 


The agreement here is again satisfactory, and we have now 
seen that our form, with only two constants in addition to 
those characteristic of the gaseous state, can give both the 
expansion and compression of the liquid at low pressures ; 
but Amagat has measured these also at high pressures up to 
2000 and 3000 atmos. (Compt. Rend. ciii. and cy.), and the 
following Table compares first his values of the mean co- 
efficient of expansion between 0° and 50° at pressures from 
76 up to 2280 metres with those given by the equation, and, 
second, his values of the mean compressibility at 17°-4 and at 
pressures up to 1500 metres with those given by the equation. 
If vy, and vz are the volumes at p; and pg, then the mean com- 
pressibility is taken as (v,;—v,)/v;(po—pi). The apparent 
compressibilities given by Amagat are converted to true values 
by adding -000002, which he has since given as the com- 
pressibility of glass. 


TaBLe XVIII. 
Mean Coefficient of Expansion at high pressures. 


pinmetres... 76. 380. 760. 1140. 1520. 1900. 2280. 
AMagat .....crecres 00170 00112 -00091 -00077 00070 00063 00056 
Equation ......... 00170 :00101 -00076 00066 -00056 -00050 -00047 


Mean Compressibilities at high pressures. 
pin metres ... 76 to 114 to 3866 to 654 to 933 to 1218 to 1500 


| | | | | 
Amagat sesso 000208 -000143 -000112 -000086 -000070 000062 
Equation ......... 000197 -000128 -000085 000060 -000046 -000037 


As regards expansion the equation goes fairly near to the 
truth ; except at the lowest pressures, it gives coefficients 
somewhat smaller than the experimental, but it parallels 
closely the main phenomenon of the rapid diminution of the 
coefficient with rising pressure. But in the compressibilities 
there is an increasing divergence between experiment and 
equation with increasing pressure, although again the equation 
is true to the main fact of the rapid diminution of compres- 
sibility with increasing pressure. We may conclude from the 
last table that our equation holds witbin the limits of experi- 


' 
; 
: 
‘ 
{ 
{ 
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mental accuracy up to 760 metres ; beyond that it begins to 
fail. A simple empirical modification would adapt the form 
to the whole of Amagat’s range, but as it stands it will be 
found good enough for our applications. 

We will now consider briefly how this form applies to car- 
bonic dioxide below the critical volume ; and the comparison 
is interesting, as it relates to temperatures both above and 
below the critical. The values of the constants are B=54, 
B =°692, 


TABLE XIX, 
Carbonic Dioxide below critical volume. 
WWioltmios caticectackeces 1526. 1°208, P15; 1:027. 
Pressure exp. aston 150 274 c 
70° 0.4 jel eal a 152 266 
Pressure, exp....+.. 69 | * 126 | 187 320 
35° 0. { ae 7 eat 120 184 320 
IEPONSTILO OXI Gens nel tars eon bs ile heres 99 200 
18° ©. cage eA aa ela | es 97 208 


The agreement is within the limit of experimental error at 
the high pressures. Cailletet and Mathias have determined 
(Compt. Rend. cii.) the density of liquid CO, at various tem- 
peratures under the pressure of saturation, Here is a com- 
parison with a couple of their results :— 


Temperature. . . =34°, 0, 
Volume—Cailletet and Mathias . ‘946 1:087 
meeesicdauon: ... =). "943 1:086 


As far as compound gases are concerned, the applicability 
of the form for volumes below the critical has now been de- 
monstrated in two typical cases. The elementary gases have 
now to be considered as to their behaviour below the critical 
volume. The data are again those furnished by Amagat 
(Compt. Rend. evii. and Phil. Mag. Dec. 1888) on the com- 
pressibility of these gases between 760 and 2280 metres of 
mercury. Our study of these bodies above the critical volume 
has given us the knowledge that the internal virial term below 
k must be J/v, and the kinetic-energy term at the critical 
volume is 3RT 2, and with these guides the hay eae form 

F 
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required is soon found from the experimental numbers. It is 
gk—v\ 
v—B vw? 
with the following values for the additional constants 8 


and 5 :— 


pe = grt (140 


k. B. b. 
Hydrogen. . . 12 APS “480 
Nitrogen . . . 2°64 81 "420 
Oxyren? "ls. Plers 604 “4415 
eMethane 2b 3" [55%] [159] [447] 


The approximate equality of the values of the constant 6 is 
worth noting. I have also reproduced here the values of k at 
the side of those for @, in order to point out that @ is nearly 
k/3 in each case. Amagat has not published data for methane 
at volumes below the critical region, but the numbers given 
in brackets for methane were obtained indirectly as explained 
below. These relations of 8 and 6 give our equation such a 
degree of simplicity as largely to establish the soundness of its 
form. The next Table shows the degree of accuracy with which 
it represents the experimental facts. 


TaBLe XX.—Oxygen at high pressures. 


V.olumourcmace care Were |) IDE |) allies “949, 905. 
15° 0 Pressure, exp....... 760 1140 1520 1900 2280 
i PU ECalC ue inn oo 1141 1512 1893 2296 


The agreement is quite as good for hydrogen and nitrogen. 

By means of this equation we can calculate the volumes of 

a gramme of liquid nitrogen and oxygen at their boiling- 

points under a pressure of *76 metre, for comparison with 

Wroblewski and Olszewski’s determinations of the same 

(Compt. Rend. cii.; Wied. Beibl. x.; and ‘ Nature,’ April 

1887). | 
= Oxygen. Nitrogen. 

roblewski. . °85 1:20 

sone] Olea o eeBO at — 19h 

Equation . * ‘90 1:26 
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The equation is seen to give the volumes of these two bodies 
at these low temperatures within the present limits of experi- 
mental accuracy, and accordingly it covers a range of 2000- 
metres pressure and almost the whole experimental range of 
temperature. In the case of methane, if we take Olszewski’s 
value 2°41 for its volume at —164°, and assume d is the mean 
of 6 for Hy, Ns, and O,, then we can calculate the value of 8 
which is tabulated above. 

To ethylene above the critical region we had to assign a 
special form intermediate between that for ordinary compounds 
and that for elements ; so that we had better do likewise for 
its infracritical equation, which I have cast in the form 


} iE 5k—v yet 
po= (1+$)RT(1+ 4p. ar) eee a 


with B=56°5, 8=1°53. For the elements we had v,=384/2, 
for ordinary compounds v,=7k/6 ; so-that to make ethylene 
intermediate v, is taken as 54/4, all these being of the general 
form (1+2n)/2n, with n=1, 2, 3. 

With the values of the constants B and 8 given above as 
derived from Amagat’s results at high pressures, we can 
determine the density of liquid ethylene; at —21° under 
saturation-pressure the density is ‘414, identical with the 
experimental value of Cailletet and Mathias (Compt. Rend. 
cli.). 

: will be as well at this stage to extract clear from among 
the argumentative detail the most important results so far 
obtained. 

First, in the elements the internal virial varies inversely as 
the volume over the whole experimental range. 

Second, in compounds there is mathematical discontinuity 
in the value of the internal virial at volume &; from volume k& 
downwards the internal virial varies inversely as the volume : 
from the volume k upwards it tends towards variation inversely 
as the volume as the limiting law, the limiting constant being 
double that which holdsbelow the volume & ; between the two 
limiting cases the internal virial of compounds varies inversely 
as (v+h). 

Third, a fact of the highest importance in connexion with 

he kinetic-energy or temperature term in the equation arrests 
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our attention, namely, that the coefficient of T in it, or the 
apparent rate of variation of the translatory kinetic energy 
with temperature at constant volume, attains near the critical 
volume double its value in the gaseous state, and below the 
critical region increases rapidly with diminishing volume (see 
column Rvf(v) in Table I.), becoming at ordinary liquid 
volumes as much as ten times as large (see coefficient of T in 
infracritical equation). Now the specific heat of liquids at 
constant volume, which is the rate of variation of the total 
energy with temperature, is rarely much more than twice that 
for their vapours. Hence we must seriously consider the 
interpretation to be put on the different terms of our equations. 


5. A short digression on the general interpretation of Clausius’s 
Equation of the Virial—Returning to Clausius’s theorem of 
the virial, 

3 pv = SAmV?—}k.4 52 Rr, 


we see that strictly the kinetic-energy term includes not only 
the energy of the motion of the molecules as wholes, but also 
that of the motion of their parts, and at the same time the 
internal virial includes the actions between the parts of the 
molecules as well as those between the molecules. Calling 


these actions the chemic force, we can write the theorem 
thus: 


3 pv = the total kinetic energy —chemic virial —virial of 
molecular forces. 


Now in the usual treatment of the equation it is assumed 
that the chemic virial is equal to that part of the total kinetic 
energy which is due to the motion of the parts of the mole- 
cules relatively to their centres of mass, and neutralizes it in 
our equation, reducing it to 


3 pv = translatory kinetic energy of molecules as wholes 
—virial of molecular forces. 

| But if we retain the full equation, and assume that the virial 

term we have been finding for various bodies is the true virial 


of the molecular forces, and includes none of the chemie virial, 
then the term usually regarded as the translatory kinetic 
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energy of the molecules as wholes is really the total kinetic 
energy minus the chemic virial. 

Let H be the total kinetic energy of unit mass, V the virial 
of the chemic forces, and P their potential energy ; then, above 
the critical volume, 


2k 
Sa a 
E-~V RT(i+),) 
and 


sre V)=gR(1+ a 


which in the ies gaseous state becomes 3R/2. 
Also > 
2. (B—P) = 
the specitic heat at constant volume. 
Below the critical volume, 


Sage 
B-V=gRT(1+4". ="), 


v— 8 
fe) — — 3 Plo Dl Nai Kv | 
sph EDS ane Wie 


and, again, 


S(E-P) =K.. 


Now we can calculate K, from the experimental values of 
K, by the relation 


Let us then make a comparison in the case of ethyl oxide, 
using E. Wiedemann’s value °3725 for K, for the vapour at 
0°, and Regnault’s value 529 for the liquid at 0°; then, con- 
Tecae to ergs per degree C., we get 


Vapour at 0°. Liquid at 0°, 
Sf (B—V) = 1°68x 10° 15°3 x 10°, 
K, or &. (B—P) = 144 x 10° 17-9 x 10°, 


Thus we see that while in the liquid 9(H—V)/OT is nearly 
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equal to 0(E—P)/OT, there is a great difference in the 
vapour : 

0(V—P)/dT=12'7 for the vapour and only 2°6 for the liquid. 
Or, while K, is nearly the same in the two states, 0(H—V)/oT 
has in the liquid state increased to nine times its value in the 
vaporous. We have here, therefore, an interesting opening 
into the regions of chemic force ; but meanwhile we must 
restrict ourselves to the question of molecular force at present 
in hand, calling attention, however, to the fact that our energy 
term in its two forms for elements and its two forms for com- 
pounds is well worthy of the closest study. It summarizes a 
lot of information about the internal dynamics of molecules— 
perhaps about the relations of matter and ether; but these 
would need to be extracted by a special research on the term 
and its relation to our experimental knowledge of specific heat. 
It is worth mentioning here that Clausius’s equation of the 
virial, as usually applied to molecular physics, takes no account 
of the mutual action of matter and zether—an action which we 
know must exist, from the radiation of heat by gases as well as 
by liquids and solids. According to ordinary views of the 
eether this may be neglected, on account of the smallness of 
the mass and of the specific heat of the ether; but it is well 
to remember that we are neglecting it. 


6. Consideration of Van der Waals’s generalization —We 
are now in a position to consider how far Van der Waals’s 
generalization holds, namely :—If the volume, pressure, and 
temperature are measured for each substance in terms of the 
critical values as units, then one and the same law holds for 
all substances. 

In the first place, we see from what has gone before that 
the same law cannot apply to both elements and compounds, 
nor can the alcohols and water follow the same law as regular 
compounds. 

In the case of the elements and methane we have the critical 
volume, pressure, and temperature given in terms of R, J, and 
k by three relations (see end of Section 2), 


4 1 16 1 


0, == 3h/2, P= 97 ey T.=97 eye 
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Whence, in the supracritical equation replacing R, J, and k by 
their values in terms of v,, p,, T,, we get 


which shows that when the critical values are made the units 
in the measurements of the variables, one and the same law 
holds for the elements above the critical yolume, 

Below the critical volume we have 


We have seen that is nearly the same for these bodies and 
that 8/v, is approximately constant, so that below the critical 
volume the elements and methane all follow approximately 
the’same law. 

In the case of compounds, we have (see Section 4, at the 
beginning) 

36 1 120 1 


v= 1h/6, Pe=Zo9 @ be=409 RR 


with which, eliminating R,*, and / from the supracritical 
equation, we get 


mara. 7 


a 409 1 
1 +1 


ue 
6 v, 

Hence, above the critical volume the compounds follow the 
same law among themselves. 


In the same way, below the critical volume we get for 
compounds :— 


5 ae 
po 90 250 /,, WT 1 Te) _409u 
= T 1+-5 


pul TI 98 ve 


One and the same law holds for compounds below the 
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critical volume only if B varies as the square root of the 
critical temperature, and if @ is proportional to the critical 
volume : in the elements we have found the latter condition 
to hold approximately, and so we are prepared to find it do so 
for compounds. The following Table compares B with / si 
and 6 with k, which is 6v,/7 for the five compounds for which 
we have as yet found k. The values of B and 8 for NH; and 
N,O were obtained from Andréeff’s data for the expansion of 
these bodies as liquids (Ann. Chem. Pharm. cx.) and for SO, 
from Jouk’s (Wied, Bedi, vi.). 


TABLE XXI, 


| 
kh. | B. k/p. | B. | BINT. 
(On Xe ee 4066 | ill | 3-7 63 2-9 
COE 176 | #69 | 40 | 54 3:0 
ST adh et oa 2-08 ‘5 | 38 | 72 36 
i Rae ae 48 122 | 39 70 36 
NO eccnscsssies 2°3 66 | 35 55 3:1 


In these bodies we find a fair approximation to propor- 
tionality between 8 and & on the one hand, and between 
B and a ylg on the other; to the same degree of approxi- 
mation Van der Waals’s generalization can be applied to 
compounds below the critical volume (excluding of course 
such exceptional bodies as the alcohols and water). 

The accurate statement of the generalization ought then to 
be as follows :—When the variables are expressed in terms of 
their critical values as units, then down to the critical point 
compound bodies with certain exceptions have all one and the 
same characteristic equation, but below the critical point they 
have closely similar but not identical equations. i 

It is a remarkable tact that Van der Waals should have 
been led to his valuable generalization by means of a form of 
equation which completely fails to apply to the substances 
which are the subject of the generalization. Asa point in the 
history of this branch of molecular physics, it calls for mention 
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that Waterston, in the Phil. Mag. vol. xxxv. (1868), had prac- 
tically diseovorett the generalization, and expressed it in its 
most striking aspects by means of several diagrams for a 
number of bodies ; but the verbal expression of his results was 
so unsystematic, and withal so crabbed, that his work has been 
overlooked. 

There is one typical application of the generalization which 
is of special importance—to the relation between pressure and 
temperature of saturation. If with the aid of our equations 
we trace the complete isothermals for temperatures below the 
critical, we shall get curves with the James Thomson double- 
bend as shown in Ramsay and Young’s isothermals for ether 
(Phil. Mag. May 1887). 

According to Maxwell’s thermodynamical deduction, the 
pressure of saturation at a given temperature is that cor- 
responding to the line of constant pressure which cuts off 
equal areas in the two bends, a result which Ramsay and 
Young verified by actual measurement on their curves. 

Let v3and v, be the volumes of saturated vapour and liquid 
at pressure P and temperature T; then Maxwell’s principle 
gives us that the pressure of saturation is defined by the three 
equations :— 


P(v3—v,) = ‘i par, 


Ha RE(1+ )-t 


T Zk— l 
Po, = #¢RT(1+-4- vT sae | cares 


vs is given in terms of P and T by a quadratic, and can 
therefore be eliminated from the integral when evaluated ; 
v, is given by a cubic, but as Pv, can for practical purposes 
be put 0, a very close approximation to v, can be obtained also 
from a quadratic. The resulting relation between P and T, 
which is the law of saturation, involves the constants R, &, J, 
B, and 8. 

The actual evaluation of the integral would of course 
proceed in three stages, corresponding to the supra-, circa-, 
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and infracritical equations. The law of the integral in the 
first stage from v; to 7k/6, with critical values of the variables 
as units, would be the same for all compounds ; and we have 
seen that the integral in the other two stages will follow 
approximately the same lawin all cases. Hence if saturation 
pressures and temperatures are expressed in terms of the 
critical values, the law of their relation will be approximately 
the same for all regular compounds. 

If this were an absolutely accurate relation, the best means 
of testing it would be to take Regnault’s formula, with one 
exponential term, 

log p = a+be', 
and by a simple recalculation from his values for a, 6, and a, 
to cast it in the form 2 
log p/p. = e+dy , 

proving that the constants e, d, and y are approximately the 
same for all compounds. But the objection to this plan soon 
becomes obvious on trial, as the formula owes its empirical 
convenience to the power of adjustment amongst the con- 
stants ; and the same difficulty would be experienced with 
any purely empirical equation. 

Accordingly, to test this matter, I have thought it best to 
compare the pressures of a number of bodies at temperatures 
which are constant fractions of their critical temperatures, 
such as ‘6 T,,°7T,, and so on. The ratio of the pressure of 
any substance to the corresponding pressure of ethyl oxide 
ought to be approximately the same for that substance at all 
values of the fraction. Great uncertainty attends the mea- 
surement of critical pressures: an error of 20° in the critical 
temperature is not a large fraction of its value measured from 
absolute zero, but it makes a large difference in a saturation- 
pressure, and the critical pressure is the limiting saturation- 
pressure. In the subjoined Table the critical-pressure ratios 
are given for what they are worth in the column T.. 

This table makes it clear enough that, in applying Van der 
Waals’s generalization below the critical volume, we have to 
do with a first approximation only. The curves for all these 
diverse bodies excepting CS., while not identical, would form 
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TABLE XXII. 


Ratios of Saturation-Pressures. at constant fractions of the 
critical temperature to the Saturation-Pressures of Ethyl 
Oxide at the same fractions of its critical temperature. 


Fractions of Te. 
Te. 
6 65 if “75. 8. 9 1-0 
Acetone TS SES SO bs sek) as 1-4 
Methyl oxide eq SNe sbepe|y TeAt= |ped: 

Oareameentevesecsse Se ein Lian leg ine y, ilps 
iil bs Weanaceomoee 26 2°6 2:5 25 25 24 32 
1 be ea | 36 | 32 | 28 | 26] ... | 26 
LN Capen gi aot Mloce, Setee- dre on 
IN FOE veaateneesasecs ace aes Acs rs arise a) eng yal 
OS sore see onke see op Si —| 27 | 2:3 | 21 ie 21 
COOLER seater: HeSe ees a eles mile ‘es 16 
CHCl, 16 15 15 1-4 13 16 
CH,Ci 7% | 16) 14 |r!" ... 21 
C,H,Cl 14 | 14 | 13 | 12 | 12 15 
C,H,Br 1G Sieelee Leelee 0 sects UcDi tlie 
Benzene, O,H,...| 560 | 1:3 13 1:2 12 ule 14 


a compact bundle about a mean curve from which each body 
would have its own characteristic departure ; and this is just 
what our study of B and 8 in Table XXI. should lead us to 
expect. 


7. Five Methods of finding the Virial Constant.—The first 
method is that which we have already exhausted, namely, by 
means of extended enough observations of the compression 
and expansion of bodies in the gaseous state. 


Second method : to obtain the virial constant / from one 
measure of the compressibility and of the expansibility at the 
same temperature of the body as a liquid. 

Writing our infracritical equation thus, 


eee “(1+ 5 VT =) -5 


Qu?’ 


Op _ x BR VT K-v_3 1 Ri 3 p 
Oteen 2a8 2-6 2-277 BF OT 
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But at ordinary low pressures the term p/T is a negligible part 
of this expression, and we can write 

Op 8. ooh 

Or 4° FT Ww 


Now 


ee Cm 
Ole ahO/ cf sear ap: 
v Op 
where a and w are the coefficients of expansion and the com- 
pressibility at T as usually defined. 


pee Be eee 
4vT Q vp’ 
4 4. 
1 = 3 (oS +3R)) oT = 5 (wo 5-+98R Jol. 


In addition to giving us a value of J, this last equation gives 
a test as to whether the equation applies to a body or not, as 
the expression on the right-hand side is to be constant at all 
temperatures if w is measured at low pressures. But on 
account of the experimental difficulties hitherto met with in 
the measurement of w, the equation gives no very delicate 
test, although it might with the improvements in accuracy 
made within the last few years. In addition to ethyl oxide, 
the two substances for which we have measurements of both a 
and w over the widest range of temperature are ethyl chloride, 
studied as to expansion by Drion and as to compression by 
Amagat, who has corrected Drion’s coefficients of expansion 
for change of pressure, and pentane, studied by Amagat and 
Grimaldi. The following are the values of / calculated from 
the data at different temperatures for these two substances, 
with the megadyne taken as unit of force. 


| 


Temperature C....| 0°. | 11°. | 18, | 20°. | 40°, | 60% 1” go, | 100° 
[a ee el | poe 2) 2S S| ee ee ee | en 
C,H,, (Grimaldi)...| 8580 | ... |... | 7460 | 7280 | 8000 | 8300 | 9250 
O;H,,. (Amagat) ... pea |e 2001 ieaee ise tee .. | 9250 
OC): Rigaters sche ws» |, 5820 | Sires ae ect 25450" eeleeern) 
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This comparison has been made to show how, from mea- 
surements of liquid compressibility at present available, we 
can get only a fair idea of the value of J, but not an accurate 
measurement of it. 

Amagat has determined the compressibility of several other 
liquids at different temperatures (Ann. de Chim. et de Physique, 
sér. 5, t. xi.) ; so have Pagliani and Palazzo (Wied. Beibl. ix.) 
and de Heen (Wied. Beidl. ix.), but their discussion would 
bring out nothing more than the above comparison has. De 
Heen’s results would appear to make / diminish with rising 
temperature in every case; but he measured his com- ~ 
pressibilities in comparison with that of water at the same 
temperature, and to calculate their values used Pagliani and 
Vincentini’s values for water (Wied. Beib/. viii.), which make 
the compressibility of water much more variable with tem- 
perature than Grassi’s. If we used Grassi’s values in 
de Heen’s experiments, / would remain nearly constant. 
We will accordingly use the compressibility-method of cal- 
culating / subsequently, only to illustrate the general agree- 
ment of values derived from purely mechanical experiments 
with those found by the more accurate methods to which we 
now proceed. ‘The values found by this second method are 
tabulated later on in Table XXIV. 


Third method of finding the virial constant /: from the 
latent heat. If we differentiate with respect to T our equation 
for saturation-pressures (see Section 6), 


v (vs—%) = \; pd, 


dvs —=) Op dvs _ dy 
=) +P( be aT )={°e dv+P( & aT 


7) ee ° Op 
at (v3 —%) = ii arp oe 
Now from thermodynamics we have the relation 


JX=(v3—v,)TdP/aT, 
where 2 is the latent heat, 


~ Tra |p OP 
& n=)’ Tope 


we get 


dP Gr 
dT 
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which of course could have been written down immediately, 
for if we write it in the form 


V3 fo) 9 
al (72h —p)dv+ Pos—Pry, 


we remind ourselves that the latent heat of evaporation of a 
liquid is the heat supplied to neutralize a Thomson and 
Joule cooling effect. 

We must evaluate the integral in three stages, 


frei ac =|" nh dvs 18h de | thas, 


using in each integral the equation that holds between its 
limits. 


In the first, 
po=RI(1+ ee _ aie 
oF = “(1+ a ‘ 
13h Paya at 


In the second, 


_ pir V Tyke ai 
Ds gee B 8) otk 


Se ORT 
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van eee 


! 
13h = l ») RE 
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In the third, 


5(+ QW?) Dw 
Hence 


JrX= |" ‘(p+ apy | {5(e+ =H) iF RY a 
*\(3(e+a8)- ae} 
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We must now evaluate the only integral that has been left 
unevaluated, 


R! =| VA ed k’ Idv k Idy 
du= => (Ieee vie = 5) ) -{ eet Pe 
ie p a -B dr 2 (v - kh) - 22 


Vd mat Tie H—-B_ k og) 


=RT log + BB Bes, 
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These last expressions are the only ones that introduce B and 
8 into the value of JA, and it is desirable to remove these 
two constants. At low pressures we can neglect the py term 
in the infracritical equation, and we get 


RT /T =(5-- —RT) jae 
B 20; ki—v,? 


removing B by means of this we get 


si? bi 12a, 
FOSS Fe ip ererey te es i) 


ijl m\%1—B (4 — B=B oh ow 

(a5; -P gan, a ema Bs) 
We can now remove f and greatly simplify this equation, if 
we apply it to latent heats near the ordinary boiling-point 
T,;. ‘The last term taken in its entirety has a small numerical 
value compared to the rest, so that in it we can make approxi- 
mations without any sacrifice of accuracy worth considering : 
we have seen that 8 is approximately proportional to k (see 


Table XXI.) and v,, the volume of the liquid at the hoiling- 
G 


+ 


VOL. XII. 
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point, may be assumed to be approximately proportional to x! 
the volume at the critical temperature, and k!/=7k/6: hence 
the coefficient of (J/2v,—R/T) in the last term is approxi- 
mately the same for all bodies and we can evaluate it for 
ethyl oxide; call it ©. Again, in P(v;—v,) neglect v, and 
assume the gaseous law Pv;=RT;. And further, & is small 
compared to v3, so that 2v3/(v3+) is nearly 2, and its value 
for ethyl oxide can be applied to all bodies. R’=25R/13. 
Hence multiplying by M the molecular weight we can write 
M/ v k 25 
{5(=-1)+log =, 1 “4 \—on4+-MR(730-1)lb. 

MRis the same for all bodies, and T, is the absolute boiling- 
point. This equation still involves & as well as 1; when k is 
not known we must eliminate it by means of our previous 
assumption, namely, that & is proportional to 7, which we 
know to be approximately true ; in so far as it is inexact it 
will introduce inexactness into our calculation of 1. Accord- 
ingly in symbols k/v;=7, where r is the same for all bodies, 
and can be found for ethyl oxide. Making the numerical 
reductions we get 


Ml/v,=66°5 MA—101T, 


as the equation which gives / in terms of the megadyne as 
unit of force, when A is the latent heat of a gramme in 
calories and v, its volume in cubic centimetres at the absolute 
boiling-point T,. This equation will be abundantly verified 
afterwards in Table XXIV.; but meanwhile, if to test it we 
apply it to calculate the latent heat of ethyl oxide, we find 
X=83'4, whereas several experimenters have agreed in an 
estimate of about 90; but, on the other hand, Ramsay and 
Young (Phil. Trans. 1887) have made a special study of the 
terms in the thermodynamic relation JA=(v3;—v,)TdP/dT, 
and have so calculated values of % almost up to the critical 
temperatures, their value at the boiling-point is 84°4, and 
there is the same amount of discrepancy between their values 
at higher temperatures and Regnault’s experimental deter- 
minations. Yet Perot, who has made an elaborate study 
(Ann. de Ch. et de Ph. sér. 6, t. xiii.) both of X experimentally 
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and of the quantities involved in its calculation by the ther- 
modynamic relation, has found the most perfect harmony 
between the results of the two methods. Now at 30°C. 
Perot gives as the saturation-volume of the vapour 400°4, 
and the saturation-pressure °635 metre, while Ramsay and 
Young’s values are 374 and -648 metre; but if ethyl oxide 
were a perfect gas, under Perot’s pressure of °635 metre it 
would have a volume of 400°8, almost identical with his value: 
yet we cannot imagine that ethyl oxide under this pressure 
and at this temperature is so nearly a perfect gas as this would 
imply, unless there is some remarkable discontinuity in its 
behaviour at high volumes. Accordingly, in spite of the 
thoroughness of the researches of both Perot and Ramsay and 
Young, we are on the horns of a triple dilemma, from which 
only some experimental repetition can deliver us, and de- 
monstrate where the cause of these discrepancies lies. Wiillner 
and Grotrian (Wied. Ann. xi.) have put on record the results 
of experiments which indicate the cause; they find the pressure 
of condensation measurably different from the ordinarily 
measured saturation-pressure,—a fact explaining the difficulty 
of measuring v3 accurately, and showing also that the values 
of dP/dT are not so reliable as usually supposed. 

Our last equation is verified by, and shows us the cause of, 
an interesting relation that has been independently discovered 
and expressed in different forms, between the molecular latent 
heat and the boiling-point, by Pictet (Ann. de Ch. et de Ph. 
sér. 5, t. ix. 1876), Trouton (Phil. Mag. xviii. 1884), and 
Ramsay and Young (Phil. Mag. xx. 1885), namely, that the 
molecular latent heats of fluids are nearly proportional to 
their absolute boiling-points. Now we have seen that 
T= 1201/409R& (Section 4), and I have noticed that a large 
number of substances have their ordinary absolute boiling- 
points nearly equal to 2T./3, and & is nearly proportional to 
v1, say is equal to 2°8v,, as it is for ethyl oxide. Hence we 
have 

Bin eect 20E 2, 
2° ~ 409 R28,’ 


eg) et 3M Ry, T,=11902,T,, 
G2 
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when the megadyne is the unit of force; hence from our 
equation for M/ in terms of A we have 


1190T, =66-5Ma—101T, ; 
- 1291T,=66°5MA or Ma=19-4T,, 


or the molecular latent heat is proportional to the absolute 
boiling-point. 

(It is to be noted that M/=1190,T, gives a rough means 
of obtaining / from the boiling-points and the volumes at the 
boiling-points of liquids, which might be convenient when 
better data are wanting.) 

Robert Schiff (Ann. der Chem. cexxxiv.) has made the 
most accurate determinations to test this relation between 
molecular latent heat and boiling-point. For 29 compounds 
of the form C,H,,O,, from ethyl formiate up to isoamyl vale- 
rate, he finds Ma=20: 8T, in the mean,the greatest departures 
being 20°4 for propyl isobutyrate, and 21:1 for propyl for- 
miate ; for 8 hydrocarbons of the benzene series he finds a 
mean coefficient 20, with 19°8 for cymene and 20°6 for benzene 
as the greatest departures. To these 37 examples we will 
add the following from Trouton’s paper, doubling his numbers, 
as he used density instead of M. 


Taste XXIII.—Values of Ma/T,. 


| 
O,H,O1. | OHOl,. | CClj. | ‘AsCl,. | SnCl,.| S0,.- | ~ O8, 


21 22 24 21 20 23 gin 
(0,H,),0. | (C;H,,),0:| (CH,),00. | ©,,Hy,. | (C,H,),0,0,. 
22 es 23 gnu Ligaen 


‘The mean value ‘of the coefficient is higher than that deduced 
theoretically above (19:4), because in aed fraction we wrote 


T,=21',/3, but the general truth of the relation is well enough 
prow out. 
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Fourth method of finding the virial constant /: from the 
critical temperature and pressure. Now we have (Section 4), 


T,=120//409RK, p,=361/409 22, 
. T,/p,=10k/3R and 1=409R?T?/400p,, 


this is for compounds; for elements /=27R2T2/64p,. Where 
both the critical pressure and temperature are known, this 
gives / theoretically with accuracy, but practically the diffi 
culties in measuring the critical pressure introduce inaccuracy. 
In the relation T,/p,=10k/3R, as R varies inversely as the 
molecular weight, we see that the molecular domains (Mole- 
cular volumes) of bodies at the critical temperature are 
proportional to the quotient of critical temperature by critical 
pressure, a relation which Dewar has proved experimentally 
(Phil. Mag. xviii. 1884) for 21 volatile bodies, for which he 
has determined and collected the data. These with other 
data since published enable us to determine values of / for 
certain bodies for which the other methods are not available. 

As there are many more critical temperatures determined 
up to the present than critical pressures, and as we have seen 
that an error in the critical temperature is of less relative 
importance than an error in the critical pressure, we can 
make ourselves independent of critical pressures with ad- 
vantage, by employing the approximation that has already 
been useful to us, that & is proportional to the volume of the 
liquid at the boiling-point or k=2°83v,. Then 


M/=409MRT,4/120 = 800T 2, 


approximately, with the megadyne as unit of force. This is 
a more accurate form of the relation MJ=1190T,v, given 
- above, in which we assumed the approximation T,=2T,/3. 


8. Fifth or Capillary Method of finding the Internal Virial 
Constant, with digressions on the Brownian movement in 
liquids and on molecular distances.—So far we have been 
proceeding on a purely inductive path, with two deductive 
guides in Clausius’s equation of the virial and in the law of 
the inverse fourth power, which requires that the internal 
virial should vary inversely as the volume. But now, in 
passing on to our fifth and most useful method of finding / 
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from surface-tension, we must employ a deductive relation 
between / and surface-tension, furnished by the law of the 
inverse fourth power. Ina previous paper (Phil. Mag. July 
1887) it was shown that if the law of force between two 
molecules of mass m, at distance r apart is 3Am?/r*, then the 
internal virial for the molecules in unit mass is 37Ap log L/a, 
p being density, and L a finite length of the order of magni- 
tude of the linear dimensions of the vessels used in physical 
measurements, a being the mean distance apart of the mole- 
cules. The ratio L/a remains the same for a given mass 
whatever volume it occupies, but I also assumed that L/a is 
so large a number that log L/a would hardly be affected by 
such large variations as might occur in the value of L when 
the behaviour of a kilogramme of a substance was compared 
with that of a milligramme. To remove the haziness of this 
assumption, I will now make a more accurate evaluation of 
the internal virial. 

By definition it is }.3.223Am?/r*, and we will evaluate it 
for a spherical mass. To cast it into the form of an integral, 
take any molecule m amongst the number n in a spherical 
vessel of radius R; gather it to its centre as a true particle 
and spread the remaining n—1 in a uniform continuous mass 
separated from m by a small spherical vacuum of radius a, so 
chosen that the virial of m and the continuous mass is the 
same as that of m and the n—1 molecules. 

Suppose m at the point O, and the centre of the vessel at 
C, and let OC=c. Take OC as axis of « and any two rec- 
tangular axes through O as axes of y and z. Let polar 
coordinates r@¢ be related to these in the usual manner. 
Then the equation to the surface of the sphere is 


(a—c)* +y?+22=R? or r?—2er sin 6 cos 6+¢?—R?=0. 
Let 7, and r, be the two roots of this equation in 7 so that 
r= R?—c®. Then m?/r* can be replaced by 

mpr? sin 6 dé do dr/r*, 
and A 
2m? /r> by {\\mp sin 6 d@ d¢ dr/r. 
If we integrate with respect to r on oneside of the plane yz from 
a to 7; and on the other from a to r, and add the two results, 
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then we have to take 6 and ¢ each between 0) and 7, thus: 


Spite i ‘ome sin 00 dd [ { ei + dr/r']. 
0/0 F a a 


The two integrals in brackets give 


log ryr/a*=log (R?—c?)/a?. 
Hence 
=m?/r3 = 2armp log (R?+c¢*)/a?. 
To perform the second summation we can first add the values 


of the last expression for all the molecules at distance c from 
the centre of the vessel, and write the result in the form 


2mp4mpcrde log (R*—c?)/a?, 
and we then have 


R-a 
4.453 3Am?/P = cAntpt| cdc log (R* —c?)/a?. 
0 


Evaluating the integral, this becomes 
2R— i ae \ 
a 


6An%p? {5 (B—a)"log = (R—a) 1? RAR—a) + elog 
in which, neglecting unity in comparison with the ie 
number R/a, we get 

Am’?p?R3{4 log 2R/a—16/3}. 


But if W is the total mass in the vessel, then 
W =4rrrp/3, 


and we get 


Warmp{3 log 2R/a—4}. 


When W =1 the first term of this becomes identical with the 
value of the internal virial previously given, with 2R written 
instead of L. Replacing R by its value in terms of W and p, 
we get for the internal virial of mass W, 
WAmp(log 6W/mpa’—4). 

As pa’ is constant, we see that for a given mass the internal 
virial for molecular force varying inversely as the fourth 
power is rigorously proportional to the density, but it is not 
purely proportional to the mass. Although the number 
6W/rpa’ is a large one, and has a logarithm varying slowly 
with W, yet large enough variations in W can affect it 
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appreciably, as we see if provisionally we accept Sir W. 
Thomson’s estimate of 2 x 10-® centim. as the lowest possible 
value fora. Suppose 7p=3, then 6W/rpa? is 10°°W/4, and 
if W is 4000, 4, or 004 grm., then the values of log 6W/mpa* 
are as 30, 27, and 24, and we have a larger mass variation of 
the internal virial than is likely to have escaped detection in 
its effects, such as a difference in the density, expansion, com- 
pressibility, latent heat, and saturation-pressures of a liquid as 
measured on a milligramme, from their values as measured on 
a kilogramme. The raising of this difficulty suggests to us 
in passing that there exists a department of microphysics in 
which little has as yet been done by the experimenter, and 
that great interest would attach to a research determining 
when a mass variation of the properties usually spoken of as 
physical constants actually sets in. 

But meanwhile we must scrutinize more closely the meaning 
of our last result. According to the views of Laplace (and 
of the early elasticians), if a plane be drawn dividing a mass 
of solid or liquid into two parts, then, in consequence of mole- 
cular force, the one part exercises a resultant attraction on 
the other, and this has to be statically equilibrated by a 
pressure (called the molecular or internal pressure) acting 
across the plane, a conception which is necessary in any purely 
statical theory of elasticity. Adopting for the moment this 
mode of viewing things, we see that our result amounts to 
this, that the internal pressure is measurably greater at the 
centre of a kilogramme than of a milligramme. 

But if we try to carry out the kinetic theory in its integrity, 
we must reject the idea of a statical pressure, and replace it 
by its kinetic equivalent of a to and fro transfer of momentum ; 
this may take place as a quite indiscriminate traffic of indi- 
vidual molecules across the plane, or as such a traftic modified 
by the existence of streams of molecules in opposite directions. 
If streams, or motions of molecules in swarms, actually exist 
in fluids, then our interpretation of the equation of the virial 
would have to take account of their existence. The kinetic 
energy of the motion of a swarm as a whole would not count 
as heat but as mechanical energy, and for the amount of it 
we should have approximately the kinetic energy of the swarm 
motion equal to the virial of the forces between the swarms. 
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Therefore we require to divide the energy into two parts, 
that of molecular motion inside the swarm constituting heat 
and that of the swarm ; in the same way the internal virial is 
divided into two parts, one within each swarm, the other be- 
tween the swarms. But the swarms could on the average be 
regarded as equivalent to spheres of radius L, where L must 
be supposed nearly independent of mass and liable to the same 
variations with temperature and pressure as the linear dimen- 
sions of any quantity of the liquid, so that L is proportional 
to a, and our expression (theoretical) WAmp(3 log 2L/a—4) 
for the internal virial becomes purely proportional to the 
mass and purely proportional to the density, as 83W//4v our 
experimental internal virial for a mass W of a compound 
liquid is. 

This hypothesis would affect somewhat the rigorousness of 
certain thermodynamical relations as usually interpreted, such 
as JX=(v3—v;)Tdp/dT, since it provides a supply of internal 
mechanical energy not taken account of ; but if this supply 
is only slightly variable with pressure and temperature it 
would make little difference in most parts of thermodynamics. 

With the addition of this hypothesis of molecular swarms, 
which will be used only in calculating molecular distances, 
and will not affect at all the rest of our work, the law of the 
inverse fourth power is brought into strict harmony with the 
behaviour of compound liquids and of elements both as liquids 
and gases. We must therefore inquire what experimental 
evidence there is for the existence in liquids of a motion of 
swarms of molecules, possessing the remarkable property of 
not being degraded to heat as ordinary visible motions are. 
In the motion long familiar to microscopists as the Brownian 
movement we have such evidence. Gouy has recently 
(Compt. Rend. cix. p. 103) recalled the attention of physicists 
to this remarkable ceaseless motion of granules in liquids. 
He states that it occurs with all sorts of granules, and with an 
intensity less as the liquid is more viscous and as the granules 
are larger. It occurs when every precaution is taken to en- 
sure constant temperature, and to ensure the absence of all 
external causes of motion. Granules of the same size but as 
different in character as solid granules, liquid globules, and 
gaseous bubbles, show but little difference in their motions—a 
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fact which proves that the cause is to be looked for not in the 
granules themselves but in the liquid, the granules being 
merely an index of motions existing in the liquid. The most 
pronounced character of the motion is its rapid increase with 
diminishing size of granules, so that all that is seen under the 
microscope is the limit of movements of unknown magnitude. 
Gouy considers the Brownian movements to be a remote 
result of the motion of the molecules themselves, but according 
to what we know of molecular dimensions I fancy that the 
Brownian movement must be considered rather as a sign of 
the motion of swarms of molecules. If swarms of molecules 
are weaving in and out amongst one another, so that the 
average transfer of momentum at a point is the same in all 
directions, then the vibratory agitation of granules amongst 
the swarms is just what we should expect. The striking fact 
about the Brownian movement is that it is ceaseless; it is 
never degraded into heat. This alone forces us to conceive a 
form of motion existing in liquids on a larger scale than 
molecular motion but possessing its character of permanence ; 
in other words, the motion of swarms of molecules. 

The existence of swarms would not affect our views of the 
rise of liquids in capillary tubes as a purely statical question; 
so that, for the connexion between molecular force and 
surface-tension, we can use the calculation given in another 
paper (Phil. Mag. April 1889) (rather badly affected with 
misprints), where I have shown that the surface-tension of 
liquids that wet glass, measured in tubes so narrow that the 
meniscus-surface is a hemisphere, is given by the equation 

a=mp?Ae/(2+ V2) ; 

where p is the average density of the capillary surface-film 
(to be written also 1/v), and e is the distance which we must 
suppose to be left between a continuous meniscus and the base 
of a continuous column raised by its attraction, if the action 
between the continuous distributions is to be the same as in 
the natural case of discontinuous molecular constitution of 
meniscus and column. The distance e is not identical with 
the length a which occurs in our theoretical value of the 
internal virial of unit mass, 

Amp (3 log 2L/a—4) = + 


’ 


bo) So 
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but it is closely proportional to it. If we can find the relation 
between e and a, then from capillary determinations we can 
obtain relative values of the virial constant | which, as we 
have already found some absolute values of 1, can be converted 
to absolute values ; at the same time, too, we shall be able to 
find a value of a the mean distance apart of the molecules. 
To find the relations between e and a we can proceed thus. 
If we have a single infinite straight row of molecules at a 
distance a apart, the force exerted by one half of it on the 
other is 
N=0 _p=o 3An? 
pew 2p=1 (p+njeat 


which can easily be evaluated as approximately 3°6 Am?/a’. 
Two infinite continuous lines in the same line, of density m/a 
with distance e between their contiguous ends, would exert a 


force 
eld all da dy 
(a@+y)' 


on ove another; this is equal to Am?/2a’e. If, then, the 
continuous distribution is to be equal to the molecular, we 
have 

e=a/t 2) e=a/ort. 

Again, if along two infinite axes one at right angles to the 
other and terminating in an origin O at its middle point 
molecules are arranged along each at distance a apart starting 
from O, then the force exerted by the unlimited row on the 
other is 
n=o Amn p=o dAm 


p= 

22 5= 1 | (p? +n?)3a* p=) pat oe? 
which can be evaluated at about 5Am?/a’‘. 

Replace the rows by two continuous line-distributions of 
density m/a, the one terminating at a distance e from O: it is 
required to find e so that the force may be the same as this. 
The force is 

Sam " ydy da ay dt. = Ami/ae. 

aN 
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Hence in this case 
e=a’/5, e=a/22. 


From these two simple cases we get an idea of the relation 
between e and a. The case of a meniscus attracting the 
column which it raises in a capillary tube is more analogous 
to the second than to the first, and it is easy to see that in the 
case of the meniscus we can say that ¢ is not less than a/2°2. 
It will suffice to write e=a/2°2. 

Now according to the definition of a in our theoretical 
expression for the internal virial, it is the radius of the sphe- 
rical vacuum artificially used to represent the domain of a 
molecule ; but as it occurs in the expression log 2L/a, where 
2L/a is a very large number and the value of L is indefinite, 
we see that there is no inaccuracy in making it identical with 
athe mean distance apart of the molecules. However, for 
the sake of formal completeness, we can easily find the rela- 
tion between the two quantities which we have denoted by 
the one symbol a. Let us now denote by « the mean dis- 
tance apart of the molecules, that is the edge of the cube in 
a cubical distribution of the molecules; then, from the defi- 
nition of a, « and a are connected by the relation 


R 
Am? /r = | AtrAnidr/a*r, 


a 


the summation being extended to all the molecules in a sphere 
of radius R. By actual summation up to R=5dz we find 
approximately a="9w. 

With our previous estimate of ¢ as a/2°2, which we must 
now write v/2°2 on account of our change of symbol for mean 
distance apart, we have the two equations, 


l=Amn(4 log 2L/9«—16/3), 
a= mp Aa/2:2(2+ V2). 


We can replace p by p, the difference between them being 
necessarily very slight. Then for ethyl oxide we have the 
following data: « at the boiling-point according to Schiff is 
1-57 grammes weight per metre, or 1°57/10° kilog. per em.; 


————— ee 
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lis 7500 kilog. em.*, and v,=1:44em.3_— Eliminating A from 
the two equations, we have a relation between « and L, 
namely 


a=T v2 7 (9°2 logy) 2L/"9x—16/3). 


L being hypothetical is not known to us, but we can give ita 
series of possible values, and calculate by trial from the last 
equation the corresponding series of values for 2, with the 
following results :— 


L. ae 
1/10"em, -— 4°6/10* em. 
1/10* ) C7 1) 9 
1/10° 29 11:0 ) 19 


As it is subsequently to be shown that in liquid ethyl oxide 
and in all regular compound liquids the molecules are paired, 
and that each pair acts on the others as if it were a single 
molecule, we may estimate it as likely that the mean distance 
apart of the pairs in ethyl oxide is between 1 and 10 micro- 
millimetres (1/10° mm.). This result, though 100 times as 
large as Sir William Thomson’s limits for the distance apart 
of molecules in liquids, namely 2 x 10-9 cm. and 7 x 10-9 cm., 
is yet in better agreement with the estimate of molecular dis- 
tances arrived at by Riicker (Journ. Chem. Soc. 1888) as the 
most probable result obtainable from the most important 
attempts yet made to measure the range of molecular forces. 
The most suggestive of these is Reinold and Riicker’s dis- 
covery, that the equilibrium of a soap-solution film becomes 
unstable when its thickness is reduced to between 96 and 45 
micromillimetres, but again becomes stable when the thickness 
is still further reduced to 12 micromillimetres. At the latter 
thickness the film shows black in reflected light. If the 
intermolecular distances are nearly the same in soap-solutions 
as in liquid ethyl oxide, then the black film must be regarded 
as consisting of a single layer of molecules or groups of mole- 
cules (in the case of water the molecules will subsequently be 
shown to go in double pairs). This is an intelligible result, 
and gives the simplest explanation of Reinold and Riicker’s 
beautiful discovery of a stable thickness supervening on the 


80 MR. WILLIAM SUTHERLAND ON THE 


unstable, for we recognize a single layer of molecules as a 
stable configuration. Of course it is to be understood that 
what we mean by the thickness of a single layer of molecules 
is the one nth part of the thickness of n layers ; and if the 
black film is really only a single layer, it is in this sense that 
Reinold and Riicker’s estimate of 12 micromms. is to be taken, 
for they did not measure an actual distance from the front to 
the back of a black film, but only estimated from accurate and 
accordant measurements, made in entirely different manners, 
that the number of layers in the black film is to the number 
in a thickness of 1 centim. as 12 micromms. is to 1 centim. 

If the black film consists really of only a single layer of 
molecules, it is surely a hopeful sign for molecular physics 
that measurements should have been possible on it, though 
only visible through its invisibility. 

If, encouraged by this experiinental support, we say that in 
round numbers the mean distance between the pairs of mole- 
cules in liquid ethyl oxide is 10 micromms., then one gramme 
contains 2v, x 10'* molecules, or the mass of a single molecule 
is 

1/2°88 x 10% grm. =3°5/10", 
and so the mass of an atom of H is 
3°5/74 x 10%=5/10"! grm. nearly. 


It would lead us too far from our present purpose to discuss 
other estimates of molecular distance, especially as Reinold 
and Riicker’s measurement of the black film is the most defi- 
nite and striking yet made of these minute distances ; but the 
question of the range of molecular force is of special import- 
ance to us. 

Quincke (Pogg. Ann. cxxxvii.) determined what thickness 
of silver it is necessary to deposit on glass so that the capil- 
lary effect on water may be the same as that of solid silver; 
that is, at what distance the difference between the molecular 
attractions of glass and silver for water becomes too small to 
be measured. He found the thickness to be about 50 micromms. 

Now, according to the law of the inverse fourth power, the 
attraction of a cylinder of radius ¢, length h, and density p on 
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a particle of mass m on the axis at a distance z from the 
nearest end is easily calculated as 


1 diye 1 1 
PirpA(eeO ns AL pclae 
en Ne ath VO+2 Vere+(et+h)? 


If the cylinder consists of a length h, of silver with a length 
hg of glass, the silver being near the particle, then, the suffixes 
1 and 2 applying to silver and glass, the attraction of the 
composite cylinder is 


7 i 1 
inn = Io (hse Aso) So VE EEE 
1 it 
1p, SEL 2 pot 2+h, + hy Jet (c+h, ae ii): 


Making the circumstances correspond to Quincke’s experi- 
ment, we have < nearly equal to the mean molecular distance 
in water, about 10 micromms.; /, is small compared to hy and ¢, 
and, according to Quincke, is 50 micromms. when the composite 
cylinder exerts the same force on m as if it were all silver ; 
accordingly the last expression reduces to the two terms 


2A ,mpyr/z—2m7 (Ayp;— Aspe) /(2 + hy), 


which permit us to compare the molecular force range /, with 
the molecular distance z. That the second of these terms 
should become negligible when /, is 50 micromms. is a result 
quite in accordance with the value 10 micromms. for <. 

Let us briefly compare the magnitudes of molecular and 
gravitational force. The most convenient plan will be to 
compare the two forces in the case of two single ethyl-oxide 
molecules at a distance of one centim. apart; that is, to 
calculate Am? and Gm?, where m is the actual mass of the 
molecule, and G the constant in the expression Gm?/r? for 
gravitation. 

In the expression 


a=mp?Aa/2'2(2+ V2), 


using the value 10 micromms. for x and the values previously 
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given for the other quantities, we can find A, and then using 
the value 3°5/10" for the mass of a molecule of ethyl oxide we 
find Am?=9/10* in terms of the dyne. To calculate G we 
have 981 as the acceleration of gravitation ; the mass of the 
earth is 6 x 10° grm. and its radius is 6°37 x 107cm., so that 
Gm? = 2'1/10* in terms of the dyne. Hence at a distance of 
1 centim. the gravitation of two ethyl-oxide molecules is 
about double their molecular attraction, or, allowing for un- 
certainties in our calculation, we may say that at about 
1 centim. apart two molecules exert the same gravitational as 
molecular force on one another. 

We now return to the main business of this section, which 
is the Fifth Method of finding the virial constant 1. This 
consists in using the equation already used for calculating 
molecular distances in the form 


1=7-50%a(4 log 2L/'9—16/3) /. 


Now «, the molecular distance for different liquids, varies as 
mé v3, and the expression in brackets may be assumed to be the 
same for all bodies ; hence | =cav?/m*, where c is a constant 
whose value can be obtained on substituting in the case of 
ethyl oxide the known values of /, «,v, and m, or, more 
safely, by taking a mean value from several substances. 

But we must remember that we are using » the volume in 
the body of the liquid, instead of v that in the surface-film; a 
replacement which is not justified by experiment, seeing that 
for a given liquid av? measured at different temperatures is 
not constant, the reason being that v varies much more rapidly 
with temperature than v. But, in our ignorance of the rela- 
tion between surface and body-density, all that we seek for 
from the above equation for J, is true values for / from mea- 
sured values for a. Accordingly the question arises, Can we 
choose temperatures at which to measure « for different sub- 
stances, so as to get true relative values of / irrespective of 
our ignorance of v? 

As we have seen (Section 6) that at equal fractions of their 
critical temperatures, and under equal fractions of their critical 
pressures, one liquid is approximately a model of another on 


See 


LAWS OF MOLECULAR FORCE, 83 


a different scale, we conclude that if we use the value of the 
surface-tension measured at a constant fraction of the critical 
temperature, and under a constant fraction of the critical 
pressure, we ought to get correct relative values of J; as 
surface-tension is not appreciably affected by pressure, we 
can dispense with the condition as to pressure and use mea- 
surements of a made under a pressure of one atmosphere at a 
constant fraction of the critical temperature. I have chosen 
the fraction as two-thirds, because it gives a temperature near 
to the boiling-point of most liquids. 

Schiff’s abundant measurements (Ann. der Chem. cexxiii., 
and, further, Wied. Beibl. ix.) include not only the height to 
which different liquids rise in a capillary tube at their boiling- 
points, but also its temperature-coefficient, which is such as 
to show that the height in every case vanishes near the critical 
point. 

Let H be the height to which a liquid rises in a tube of 
radius 1 millim.; then if H really vanished at the critical 
temperature and varied linearly with temperature, we should 
at 2T,/3 have H=T,b/3, where b is the temperature-coefiicient. 
But to use this would be to depend too much on the accuracy 
of b, 

If H, is the value at T, the boiling-point, then T.=T, + H,/, 
and 


which depends partly on H;, measured by Schiff, and partly 
on b. Now a=Hp/2=H/2v; 


“. Lor cavi/ms=cHv3/2ms, 
l=c(H,/3 + T.b/3)v3/2ms. 


If H is measured according to the usual practice as the 
height in millimetres for a tube of radius 1 millim., that is, if 
a is measured in grammes weight per metre, then if / is 
desired in terms of the megadyne, gramme, and centimetre as 
units, c/2=5930, a mean value. Apart from all hypothesis 
about molecular force, our last relation between the virial 
constant and the constants of capillarity will be amply con- 
firmed by the extensive comparisons soon to be presented in 

VOL. XII. H 
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Tables XXIV. and XXV. Meanwhile a few consequences of 
the relation may be glanced at. 


9. Establishment on Theoretical grounds of Eétvis’s relateon 
between surface-tension, volume, and temperatwre—Accord- 
ing to the modified equation of the fourth method of finding 
1, M/=800T,v,; and according to that of the fifth method, 
l=cavi/mt. The first of these equations would be more 
accurate if we replaced v, by v, which in the second means 
the volume at 2T,/3 ; so M/=800T,v, and m the actual mass 
of the molecule is proportional to M its molecular weight ; 
so that from the second we have M1 proportional to a(Mv)sv, 
and hence «(Mv)% measured at 2T,/3 is for all bodies pro- 
portional to T,. Now in our notation the relation discovered 
by Hotvés (Wied. Ann. xxvii.) is 


d{a(Mv)3} /dT=-227, 
: a (Mv)! =-227(T—T/), 
where T,’ is a temperature very close to the critical ; and this 
is only a more general statement of the relation we have just 
deduced. 

As Hotvos has verified his relation experimentally for a 
large number of bodies, his result is a verification also of our 
general principles. The form of his relation also induces us 
to examine a little more closely an important consequence of 
the form of our infracritical equation, which, when multiplied 
by M with the pv term removed at low pressures, becomes 


5. = RM (LA oy are =p) 2 


Now R’'M is constant, and MlJ/v is proportional to «(Mv)3, if 
a and v are measured at 2T,/3, or any other constant fraction 
of the critical temperature, and under these circumstances 
a(Mv)# has been shown to be proportional to T,; hence if T 
is aT,, a being a constant fraction, we get T, proportional to 


VT hi—v 
(14 B 3) of. 
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so that 1+ a = measured at a constant fraction of the 
critical Sree: is approximately the same for all bodies, 
a result which our study of Van der Waals’s Coneralnion 
showed us to be approximately true. This shows that Hétvés’s 
relation is rigorous only to the same extent as the constancy 
of this last expression is rigorous ; as a matter of fact, exclu- 
ding the alcohols and water, Hoétvés finds the constant whose 
mean value is taken as *227 to depart from this mean value 
by not more than 5 per cent. in any individual case. ‘This 
brief discussion of Hétvés’s relation has therefore furnished 
us with additional proof of the general accuracy of the ap- 
proximations we have been forced to make in parts of our 
work. 

One of the main difficulties in the way of pushing on with 
the many interesting inquiries opened up by these relations 
lies in the fact that we do not know the relation between the 
densities in the body and in the surface-layer of a liquid. 

We have to replace our relation 


Ey 5 1 
« varies as Ap*m* 
by the less accurate one, 


id 5 x 
a varies as Ap*m*- 


Multiplying by (Mv)* or (M/p)?, we get the «(Mv)’ of 
Koétvés proportional at all temperatures to AMp; and as 
d {a(Mv)*} dT is constant, and has been shown by Hétvds to be 
constant almost right up to the critical temperature, and tobe the 
same for all bodies, we ought, if our assumptions were rigorous, 
to have AMdp/dT constant almost up to the critical tempe- 
rature and the same for all bodies (whence another approximate 
method of finding A or 1). Now dp/dT has been shown by 
Mendeléeff to be constant for many substances within ordinary 
temperature-ranges ; but the constancy does not hold up to 
the critical temperature, and the ultimate meaning of the 
apparent contradiction between Hétvés’s result and this is 
that, while for most purposes we may safely enough assume 
p proportional to p, we cannot so accurately proceed to the 


consequence dp*/aT proportional to dp'/dT ; in fact, a change 
HZ 
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of temperature being accompanied by a change of stress in 
the surface-layer, the change of p with temperature is more 
complex than that of p. But within the range of temperature 
for which dp/dT is approximately constant, we have the 
important result that 

j V/ uy kK! =) 
d MR (1+ ese 


is constant and is approximately the same for all bodies. 

As I now consider the term differentiated to be not two 
thirds of the translatory kinetic energy of the gramme- 
molecule, but two thirds of the sum of the total kinetic energy 
and the chemic virial, I must replace the verbal statement of 
the last result as given in my paper (Phil. Mag. April 1889, 
p. 812) by the following :—The temperature-rate of variation 
of the sum of the total kinetic energy and the chemic virial 
of a molecule, measured at low constant pressure, is the same 
for all bodies (approximately). 


dT 


10. Tabulation of Values of the Virial Constant, determined 
by four of the five methods described, and multiplied by the 
square of the molecular weight.—In the first place, I will 
give a comparison of the values of M?/ for those bodies to 
which existing data allow the application of three or four of 
the previously described methods. The multiplication by M? 
is for future convenience. The values obtained by the second 
(liquid compression and expansion), third (latent heat), fourth 
(critical temperature), and fifth (capillarity) methods are 
entered in the columns marked 2, 3,4,and 5. (The modified 
fourth method was used, namely, M/=800T.,.) 

The units are the megamegadyne (10” dynes), grm., 
and cm. 

The satisfactory agreement of these values, calculated for 
such diverse bodies from such diverse data, must be taken as 
the verification of the main principles so far unfolded—the 
chief of which as regards molecular force is that for most 
compound bodies the internal virial term of the characteristic 
equation is J/2v below the volume k, and l/(v+k) above that 


volume. 
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TABLE XXIV. 


Substance. Pipe ot: 3. 4. 5 

GIS ARB Poa een bar aen eared 26°5 25°7 27-2 26°9 
PC piece ccaateenscsssoml|. iceeude 39°7 41-7 43°4 
CLO eisdlogs SRB ati see ney lists eter 46:3 46-2 45°6 
OHIO i iscssccceeseccar 33-0 38°2 3671 36 8 
COE Cl ean wcsserctaseens 22°3 28°3 26°5 

OPH Brin eset cee eek a ok ce 32°1 315 29:0 
OPA Seetoscs's nips sc ASO | ecese: 453 AT 1 
OFS 8 Crise eer ncane annie DEON asec 58°5 59°3 
ORE Re) eesccescicrs sas 40-0 43°1 427 438 
OER titer ssuaecie ssee cee 59-0 55°8 56:2 56°4 
(OH SCOR s.cccenssepecs| | aeoe 36:0 313 31l'1 
Methyl! butyrate ....../ 65:0 60:4 55°6 56:1 
Ethyl butyrate ......... | 840 746 | 69 71:3 


We see, too, now how important for molecular dynamics is 
the detailed study of each of the constants 4, B, and 8 in the 
characteristic equations ; but for the present we must refrain 
from entering on such a study, and must consider the com- 
parison in the last table as closing for the present the general 
discussion of the characteristic equation. 

Our immediate object is now to ascertain the law connecting 
the value of M?/ for a body with its chemical composition. 
On the hypothesis of the inverse fourth power (with the sub- 
sidiary one of molecular swarms), 


ml = mm’ A(4 log 2L/a—16/3) ; 


so that, the bracketed expression being the same for all 
bodies, ml is proportional to m?A, and the law of ml or Ml 
will be the law of m?A in the expression 3Am”/:* for the force 
between two molecules. In the Phil. Mag. for April 1889 I 
announced a law for the parameter A, calculated from Schiff’s 
capillary data, which applied fairly well to a large number of 
organic compounds, but was affected with exceptions subversive 
of its generality. Applying now the more accurate method of 
calculation described as the fifth to all Schiff’s data, we obtain 
ample material for generalization, which can be supplemented 
by values calculated by the other methods. 

In the following Table the units are again the megamega- 
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dyne, grm., and em. For brevity the radicals methyl, ethyl, 
and propyl, &c., will be denoted by the first two letters of 
their names, while the acid radicals —-formic, propionic, &e.— 
will be denoted by Fot, Prt, and so on, so that PrPrt stands 
The numbers entered under the 
heading S will be explained when we are discussing the law 


for propyl propionate. 


of M7. 
TaBLE X XV.—Values of M”/. 
First Method. 
MU. 8. M7). 8. 
1 Di Oh acto stereadee 40°2 4:5 fo oe reese 22 “04 
COM rec reas al 1:07 A res nese enrencccne 1-23 *205 
SO rrireesccew ste 150 2-05 OBS. ACT, aesmecnsetes 116 "195 
NE ee. eccisissbessecns 85 1°25 (Si aby EAgeanscasoeetae 22 *85 
IS XC Pes creeoae 88 13 CoH eesceeesern 65 10 
Third Method. 
M. 8. Mi. s. 

SiN Os bnge aon x eaaane 61:3 61 TsoBwAct .:.2--. + 76:2 71 
NEOPETS ee dss: 49-0 52 BU Butpeescracasere 769 715 
BORO cera ods. 23°5 DOD is || Prbrtaescsmetact. 77:3 72 
SiGe tiecee te scees 47-3 5:05 |i IsoAmFot ......... 78:7 73 
CH, Deraaat:.: 27-4 33 PSISO But eisteee ce 89:1 8-0 
Gece tate cece ss 40-0 45 BV ato. resistor 89°5 80 
Am1(0,H,,1) 88:3 Eo IsoBuPrt . 92°5 8:15 
PAMIBY Miciecaes: + 61:8 6:15 IsoAmAct ......... 93-1 815 
ATA Olinscua-ccpassees 48-7 515 PB tseeeesseeceecns 92°5 8:15 
0/8 Ea ccoteenaccce 35:0 4:0 IscBuisoBut ...... 105 89 
(ORs Sadan hanes 90°4 8:0 BrViate oer. cscs 106 89 

ala IEA ease es She 109-0 9-1 tsoBuButasseses 109 9:1 
ORB Geka: 49-4 52 IsoAmPrt ......... 110 9-15 
10 ROM Oar cen nee 109-0 9-1 IsoAmisoBut...... 125 9:95 

TOR aeeeseren epee 44-1 4:8 TsoPrVat ater 126 10 
HtHObsattueasha.ctes 35°6 41 TsoAmiBut peewee 129 10°15 
Me Acti ..2.ste-<00s 36:0 41 IsoAmVat......... 147 1 
BipACteaceerenseeses 47-6 51 PEL ceeieccRerue 43-1 any 
iMePrt (623. 22-322 475 5:1 OH ese et tries 55'8 57 
BrHot, cee srnmoe: 50:2 5:3 O, Hiei. erence: 69°5 6°65 
MeButiso ......... 60°4 6:04 || C;H,, (meta)...... 71-4 68 
IsoBuFot ......... 63°7 63 Bs Bled onc eae 85°9 7°75 
EBPs. owsekeas, an 62°4 6:2 C,H,.(mesitylene)| 86:1 eres 
PPA Chia. atest. 62°8 |: 6:2 9H. (pseudo- 87-1 7 
MGBut Mncsccees.«: 61:8 6:15 cumene)...... 8 
EtisoBut ......... 746 7-0 C,,H,, (cymene) .| 101 86 
MeVat .sccesseseee 74-1 7-0 


LAWS OF MOLECULAR FORCE, 


Table XXV. (continued). 


89 


Fourth Method. 

M2/ 8. | Ml. 8. 
Ce ae eciccceniss cee) 5:8 9 PrGlineatten sca. 346 40 
NES REE core tes castes 105 15 INGE ai cwateck teens 10:0 1:4 
CE 98 | 14 || NHUMe.......... 176 | 23 
Cathy epee eae i47 | 20 ||| NHMe, ...0:...... 23:5 | 30 
ee = VE ne eae lsc ee eee 316 | 37 
CC es 369 | 42 || NH,Et ............ 212 | 27 
ck apie oT 88 || NEB sient... 41-4 | 455 
OA oe... a8 Were es. |) NEbaeakes.... 655 | 6-4 
BNO) Ek Sees Geeee ye < 79 115 Al BUA y esnrae ecenee 334 39 
OTIC nc enon st 15°6 2-1 Ta Ef ie ee eee 676 6:5 
LO OH, eaten Saeeae 4 26°6 38:25 


MZ. s M2. S. 

Car 380 | 43 || BtO,H,O ......... 48-6 | Bld 
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(O)1 8 a CIR a erase 340 40 MeCieae ae 16°8 2:2 
CH,(OCH,), | Dect ep es es rece a 264 | 32 

(methylal)...... Je CID a aseeine sane 7 : 5 
CH,CH(00,H,), 1 ge. be rage eee 
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DAS Gy arcean see eee Bs 41:8 46 NDA T Sher connec nae es 23:5 3:0 
on ee Bl2 | B4 || NMe, cesses 310 | 37 
OP vec sciences 80°5 7:4 INTERIRIE S coacoeect ses 24-4 3°05 
Olu aniees sence 811 74 INTE es cease es 43°5 4°75 
MNOS ccscicouscs 203 | 26 || NBt, wc 664 | 65 
MC TEOM skies. ccc 29:9 3:6 INES Perec ces 31-0 37 
JOE O)* eb eesennans 524 5:45 INEUP Ss © ec csegasctes 68°6 66 

Fifth Method. 
MI. s | Mi. 8. 

IBGE Obeseeeeers Hien 32:1 38 BEB ties tooee sosscies 72:3 6°85 
MigAtet v.26. sree 35°6 41 | EtisoBut ......... 71:3 68 
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MORN a a cect 44-8 4:85 isoBurrt mews: 87°7 7:85 
lisoBulbot te. scccees 56'9 5:8 PB Ube Cet ence 89°3 7-95 
JEONG ose otn amen aaee 57:9 5:8b~ || PrisoBub- <5... 87-7 7°85 
MNIGR itheeh secew tees 8 58°5 59 EtisoVat- ......... 86:5 78 
MeBut. .......0006: 58:2 59 EsoA miPrt Gece cc.0s 105 8°85 
MeisoBut ......... 56'1 5:75 IsoBuBut ....... ..| 106 8:9 
IsoAmFot......... 716 6:8 IsoBuisoBut ...... 103 8:75 
IsoBuAct ......... 70°6 6°75 PrisoVat ...,--.. 108 8:75 
IPP Te conch cscs vs 73:3 69 
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Table XXV. (continued). 
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| Isoamy] iodide 


Normalshexane meeaececsssesses 
Diisobuty lewrecce- secre ences: 


olucn@panse-enecc escent 
Orthoxylene 
Metaxylene ..............00 one 
Paraxylene'.. cb .ccscdeutsvacsst 
Ethylbenzone .-..2.0..c0080e0s 
Normal propylbenzene ...... 
Ethyltoluene) °.5.0....n.2---5- 
Mesttyleney.. vc .orssssescsahe 
Oymenow recone ers.atecs-siensas 
Chloroform 


Ethylene chloride 
Ethidene chloride ............ 
Propylchloride .cet.-cse+-e- 
Isobuty! chloride 
Isoamyl chloride ............ 
Chlorobenzene ..............- 
Chlorotoluene.................- 
Benzyl chloride ............... 
Propylene chloride 


Trichlorethane ............... 
Epichlorhydiin)..3.0...009s%: 
Ohlorall yer eset seston eae 
Ethyl chloracetate ............ 
Ethyl dichloracetate 
Ethyl trichloracetate 
Benzoicchloride:......:++..7 
Benzilidene chloride ......... 
Hthy] bromide] ....-5.1..en.. 
Propyl bromide: ..:.....-..-..- 
Isopropyl bromide..... ..... 
Alllyisbromidey..cesre sees 
Isobutyl bromide 
Isoamyl bromide 
Bromobenzene...............0+5 
Orthobromotoluene 
Ethylene bromide ............ 
Propylene bromide 
Methyl iodide 
Ethyl iodide 

Propyl iodide: ....s.ceveverte 
Isopropyl iodide.............4. 
AllyINiOdide: 2.82 cee eee 
Isobutyl iodide 
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Table XXV. (continued). 


M7. 8 

(Ors Flan aoe eb eecte eee Todobenzene” .............-.00. 80°4 7°35 
INDEED ec s'sct asceneccdes EVOpyaln Ine Ges... seess. dc 378 4:25 
ISLE Gal gC eeas aa a AL YWAMINGN csnccescesa0s,-7--ee 366 4:2 
INFERISOS I: ase cccnnsesest Isobutyl amine ............... 50°6 5:3 
NIEISOAT ce se ees ccc Isoamyl amine ............... 64:4 63 
INS UD] eens eee Diethyl amine..../........0:..5 50'1 55 
ENTE erik cect Gea cet Pristhyl amine >.....5....0.4: 75:2 7:05 
ING ORT se nct. atte ese PATIUIBG, ce serra foes tec encehsos 65:0 6°35 
CARINE oc tte .taeekhon ost Pyridinetsisct:. 2.2622. 28. Se 59°7 6:0 
MORTON Se eoeae st, «cess PiperiGino Fexgsssntesasesst +. cs 100°3 86 
Cie Paix ie Ta seneseacnoeesc GiinolnOssscerestesceesseee eee 108°6 9-05 
IGN Soars esleiostacies Nitromethane .................. 22°6 2°75 
END, oct. Chloropicrin 2.00... 57-6 5:85 
PEND) - nn Ethyl nitrate oo... 37-2 4-2 
TeaArUNO} ker cessete Isoamyl nitrate ............... 76:9 72 
OREGON: Fic scene 05 Isobutylnitrile ..............« 39°2 44 
OTEEUON cc essocterssce sn Oapromitrile’ /s/cccissveress+s- 50°5 53 
OSES Ch eee cocnaRperes: Beuzoniurile’)s, -.ss2-oseee0 205 65°8 6:4 
OISnisel sa sec sino soeocce eee Carbon disulphide ............ 26°9 33 
COSING MES iiece-scereees Allyl sulphocarbimid......... 54:0 5:55 
WINS OHS tndee ae g dys oh Methyl sulphocyanate ...... 33°7 39 
INS CIE re ve siowieecen sees Ethyl! sulphocyanate ......... 44-1 4:8 
J Bi EAS) aochceeeeeeosasddhabl Ethyl sulphide! 73.0.2... 55-0 56 
GUN ee coe vare bee bavee ces lip' lea /see+cbgdseesceeap re 43-4 4°75 
OOP en Seo eas ace tccal aero io eaneeees keeas's 250 31 
POOH Oe oon ssescens Ethoxyphosph. chloride ..... 62:8 6:2 
IBS\O) eecaenoa poadbasdcac|,» = Masbae0eodDe 3400 35°5 41 
(OH COR tecscneeess: PA COLOUC Me osteles erences eee, 31:1 37 

slg Ch teeetpaeennoaeces Paraldehy dese, .0...ss2 eee: 85-7 eH 
CH,CH(OCH,), ...... Dimethylacetal ............... le 53°3 55 
CH,CH(00,H,), .....- Diethylacetal .0..52.0..2....09 87-7 785 
IDO) CS aapeeaee ene per DAeD Hithyoxido).2-.a..ss020--02es=4 43:8 4°75 
(OH CO) OP ee ceccses Acetic anhydride ............ 51:9 5:4 
CHECO ACN se. 0..0 Allyl acetate *:.5......-.c..0-c0s 54-1 5:55 
MeisoAmO ............ Methylisoamy] oxide ......... 66:8 6:5 
IHG ACO pauernpenanbapsecne Bithiy Woxalatel: ise... son <<-e6 91-0 8:05 
CRHPe OSC HS Vo aset-. Methyl benzoate ............... 91-4 81 
OPE COCR Foc ssa..e: Ethyl benzoate .............+ 109°9 9°15 
CH,(CO),CHJOEt ...| Acetacetic ether ............... 81:5 7:45 
Opel OL a esa re cote se: ZATIVESO) [55 aban Be tee cocrEDOosOCe 70:0 6:7 
ODE OOLH Ee Wi. .c-neueos iPhenetholte eras tse ceases: 80:7 74 
OFF OOH Fete. .onscee ce: Methyl paracresolate......... 84-1 76 
CEE (OOH) se.sses Dimethyl resorcin ............ 96:2 8°35 
CHGOHCOH <e.c...2- TWEE cea goannoceneasnenLoced: 51:2 53 
Ojnls {OGM a Ragepsancnnads Valeraldehyde................+- 48-0 5-1 
OF aI (OLE 25 pI RARE Appeene OtimIN Ol Peescececep scoeseens- ons 113-0 9°3 
Glial Oe oseeepposndarbe Wary oltcsaeecsscrr cesses oo: 1178 9°6 
(CH,),CCOCH, ...... Pin BkOUNC Me cet ets oe oe 63°5 6:3 


The following are the chief sources of the data from which the above 
table has been constructed :—Latent Heats from Berthelot (Chimie 
Mécanique) and R. Schiff (Ann. der Chem, ccxxxiy.), Critical Tem- 
peratures from Sajontschewski (Wied. Bezb/. iii.), Pawlewski (Ber. deut. 
chem. Ges. xv., xvi.), Nadejdine (Wied. Bedi. vii.), and Dewar (Phil. 
Mag. xviii.). Surface-tensions from R. Schiff (Ann. der Chem. cexxiii. ; 
Wied. Bevbl. ix.). 
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To make clear the two simple laws that rule these tabulated 
values, it will be advisable to confine our attention at first 
only to those values obtained by the fifth method, using those 
by other methods only to fill gaps. It will also be well to 
consider first a single chemical family, such as the paraffins, 
for which we have the following values :— 

CHA% (0,8) Oya encie.)  aOn ee. 

2°2 14-7 59°3 90°6 125°6 
These show that there is not a constant difference in the value 
of Ml corresponding to the difference in the number of CH, 
groups contained. We can amplify this list of paraffins by 
using the material furnished by Bartoli and Stracciati (Ann. de 
Chim. et de Phys. sér. 6, t. vii.), who have determined the more 
important physical constants for all the paraffins from C;Hy, 
up to C,,H3,. Their values of the capillary constants were 
found at about 11 degrees in every case. To obtain those at 
two thirds of the critical temperature, we have to use the 
values of the critical temperatures calculated by them from 
Thorpe and Riicker’s convenient empirical relation (Journ. 
‘Chem. Soc. xlv.), 

p/(2T,—T) = constant, 

p being density at T. 

The following are the values of M’/ thus obtained :— 

C;H,,. O,Hys. C,Hy,. .C,Hy¢ OF 5. C,H Oy oH2,. 

AI OR 52 Samm er aC 19°65, 60 Ole? 110 127 

C,, Hy. C,H... C,5Hys. C1 4H5o. C,H3.. C,-H54. 
147 171 192 215 230 256 

Considering the assumptions involved in the calculation of 
these values and the difficulty of obtaining the paraffins pure, 
the agreement for CgHy, CgHys, and C,H». with Schiff’s 
numbers is excellent; but the higher we go in the series the 
larger is the temperature-interval for which we have to 
extrapolate, and the more uncertain do the values become. 
However, they are useful as giving a general idea of the 
course of M?/ in an extended series. 

On plotting these numbers as ordinates with abscisse 
representing the number of CH, groups in the molecule, 
a curve was constructed which proved to be the parabola 

M7 = 68+4+°66S’, 


———— Se 


ee ee ee 


a a ee ee 
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where S is the number of CH, groups. It is only necessary 
then to determine on this curve the abscissa corresponding to 
the value of M?/ for any substance to obtain the number of 
CH; groups to which its molecule is equivalent as regards 
molecular force. 


11. Definition of the Dynic Equivalent of a substance, and 
determination of its value for several Radicals.—In the manner 
just described were obtained the numbers entered in Table 
XXYV. under the heading 8, which I propose to call the 
Dynic Equivalents of the substances. The dynic equivalent 
of a molecule is the number of CH, groups in the molecule of 
the normal paraffin that exerts the same molecular force as it. 

The table shows that the atom of an element contributes 
the same amount towards the dynic equivalent of all molecules 
in which it occurs (except in the case of the simpler typical 
compounds) : thus, for example, consider the iodides from 
methyl to amyl iodide, and notice that each CH, group has 
the same value unity as in the paraffins, and that the iodine 
atom is equivalent to about 2°30H, in every case. The same 
law holds throughout the table ; so that each elementary atom 
or radical has its own dynic equivalent, which can be easily 
determined. 

In the first place, it appears that the extra H, in the 
paraffins C,H... can be neglected in a first approximation, 
because C;Hj, has practically the same dynic equivalent as 
C;Hy,, and CsgHy, the same as C,H,s. It may be that the 
double binding in the unsaturated compounds compensates 
for the H, of the saturated, but I think that the simpler idea 
for the present is that the two terminal H atoms in a paraffin 
chain have a dynic equivalent so small that we may neglect 
it, or more generally the middle H in a CH; group is negligible 
in a first approximation. If there is really such a difference 
between the middle H and the two others in CH3, we ought 
to find the dynic equivalents for the iso-compounds smaller 
than for the normal ; and the table shows that the isobutyrates 
have equivalents smaller by °1 than the butyrates, while the iso- 
butyl salts of the fatty acids have dynic equivalents nearly all 
less than 1 greater than the propyl! salts. But this is rather a 
matter for the chemist to work out in detail; it suffices to 
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indicate the idea here, and to point out that it is in harmony 
with the lowering of boiling-points among isomers with in- 


creasing number of CH, groups. Accordingly, as a matter ot 


detail, in the estimation of the dynic equivalents of the elements, 
it was assumed that the equivalent of C,H,,,., C,H,,,1, and 
C_H,,, is in each case » when normal and n—‘lp when the 
molecule departs from normality by p CH, groups. (In 
constructing my curve for dynic equivalents, for the sake of 
siinplicity at first, ignored the fact that two of the paraffins in 
Schiffs data are iso-compounds.) 

From the tabulated values for the alkyl salts of the fatty 
acids, we get the following mean values for the dynic equi- 
valent of CO”O!:—in the formiates 1°85, acetates 1:92, pro- 
pionates 1°91, butyrates 1°92, seotne aces Pot, and iso- 

valerates 1:83, the mean for all Wenne 1°9. 

From the odes (ethers) and other compounds containing 
single-bound O, we find for its mean value °6, although in the 
ethers containing the benzene nucleus it comes out °8, while in 
the benzoates CO’’O' is about 2°5 ; so that the junction of the 
benzene nucleus with other groups seems to be accompanied 
with an increase in its value : witness also the bromide, iodide, 
and amine of C,H;, equal to the bromide, iodide, and amine of 
C,H, although C,H, is less than C;Hy. by ‘25. This slight 
variation of the value of O,H, is the only anomaly amongst the 
numbers of Table XXV. excepting the simple typical com- 
pounds. The values *6 for O' and 1°9 for C’O! are in harmony 
with the results for all the other compounds containing oxygen. 

From the values for the benzene series of hydrocarbons we 
can get a value for H, in CHg, and also some light on the 
important question of the structure of the benzene nucleus. 
Thomsen has been led by his thermochemical investigations to 
the conclusion that in benzene each carbon atom is bound 
to three other carbon atoms by a single bond to each (the 
“bond” phraseology is used merely for brevity, and not as 
expressing definite statical or dynamical facts). If we accept 
this conclusion, then the dynic equivalent of C,H, ininus that 
for CgH, is equal to the dynic equivalent of 3H, ; similarly, 
from the other members of the benzene series we get the values 
for 3H,, the mean result being 1°29 or °43 for H,. 

The accepted structure for CgHyo diallyl is (CH,CHOH,)., 


or four whole CH, groups and two CH, groups with H removed 
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from each ; and as the dynic equivalent of CgHyo is 5°6, we find 
that of H, to be -4. Again, recent investigations on the ter- 
penes (Wallach, Ann. der Chem. cexxv., ccxxvii., ccxxx.; Briihl, 
ecxxxv.) show that the two ordinary forms can have their for- 
mule written CH;C;H,(CH,).(CH).C, ; that is to say, they 
have 6 hydrogen atoms cut out of CH, groups, and as the dynic 
equivalent of C,oHy, is 9 we have that of 3H, as 1:0 or that 
of H, *33. Since the value °43 is derived from 10 accordant 
members of the benzene series, we will take it as the value of 
the dynic equivalent of H, in CH3. 

By similar but simpler reasoning the dynic equivalents of 
Cl, Br, I, and other radicals are easily found, and the 
following is a list of mean values :— 


TaBLeE XXVI.—Dynic Equivalents. 


CH,. a: C. ClOr, On NH,. CN. 
10 215 ‘57 19 6 1:23 1:35 
NO,. CNS. 85 Cl. Br. I. 
2:2 2°85 16 13 1:6 2° 


To illustrate the applicability of these values, I furnish a 
comparison of the values calculated by means of them for 
twenty substances with the values tabulated in Table X XV. 


Taste X XVII. 
Comparison of calculated and tabulated Dynic Equivalents. 


Cale. Tab. 
O,H 4:8 eels) Lal Oya a b-{ OUN eapraencnan 
C,H, 88 SPOS Cpa Se renweste snes 
0,H,C 43 43 OS HEONS) ca-secae. 
C,H, 63 6-452 (OH) ,O. ns-.sscens 
CoE 36 3°5 OH, ©, Hi Om ssa: 
C,H 66 G40 | Omela Osceeneeerere 
ORE P eres ecn. use 4:3 4:3 (CEL CO) OR. 
(Opla Gall! oraccen 73 T-3Da AltO a, COM cranes: 
ENG CO) Ere cnet 4:23 AO iC) RO awensensce 
INS SHE oy epsiises' 6:23 6:3 COME Oren cs aos 
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ae 
© 
> 


TTR OUOT ATID BO HB OUST 
* a, St 


96 MR. WILLIAM SUTHERLAND ON THE 


If we now look at the dynic equivalents of the uncombined 
elements given in the first part of Table XX V., we may notice 
that they are remarkably small compared to the values in the 
combined state ; thus, that of H, is °04, of N, °205, of O, 
"195, and that of CH, is small too, *35, instead of 1 as it 
should be, seeing that CH, is the first of the paraffin series. 
Other typical compounds have small values: CO, has 1°05, 
while CO"O!' in more elaborate compounds has a value 1°9, 
OH, has 1, while C,H, has 2; and so on. The same fact has 
been noticed in connexion with the molecular refraction of 
some of the typical compounds and some of their immediate 
derivatives, and it will yet prove a most important one in 
chemical dynamics. But meanwhile it is of greater importance 
for present purposes to notice that the dynic equivalents given 
for various radicals in Table XXVI. are closely proportional 
to their molecular refractions. 


12. Close parallelism between Dynic Equivalents and Mole- 
cular Refractions.—As is well known, there are two methods 
according to which the molecular refraction is estimated, the 
first by means of Gladstone’s expression, (n—1)M/p, where n 
is index of refraction; the other by means of Lorenz’s, 
(n? —1)M/(n? + 2)p. 

In a brief paper (Phil. Mag. Feb. 1889) I showed that the 
experimental evidence taken as a whole is in favour of the 
Gladstone expression, for which also a very simple theoretical 
proof can be given ; and, further, it was shown that it is best 
to measure (n—1)M/p if possible in the gaseous state. But 
as comparatively few measurements have been made on 
bodies in the vapour state I suggested that, as the Lorenz 
expression had been empirically proved to give more nearly 
the same value in the liquid and vapour states of a body, its 
value as determined in the liquid state and multiplied by 3/2 
could be taken as giving the value of (n—1)M/p in the vapour 
state. The result of the theoretical argument was that, if 
M/p is taken to measure the molecular domain wu, and if U is 
the volume occupied by the molecule in the same units, and N 
is the index of refraction for the matter of the molecule, then 


(n—1)u = (N—1)U. 


ee ee ee a 
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Landolt, Briihl, and others have determined the values of the 
atomic refraction for several elements (Ann. der Chem. cexiii. 
p- 235), and by means of these and Masini’s data for sulphur 
(Wied. Beil. vii.) and Gladstone’s latest determinations 
(Journ. Chem. Soc. 1884), I have obtained the values of the 
refraction-equivalents of the preceding radicals in terms of 
that for CH, as unity. Mascart has given (Compt. Rend. 
Ixxxvi.) values of the refraction of a number of substances in 
the vapour state, from which, for the sake of comparison, I 
have calculated the refraction-equivalents for as many radicals 
as possible. 

The following Table contains in the second column the 
dynic equivalent, in the third the refraction-equivalent calcu- 
lated according to the Lorenz expression, in the fourth the 
refraction-equivalent calculated according to the Gladstone 
expression from Mascart’s data for vapours, and in the fifth 
that calculated by Gladstone from liquid data. The value for 
CH, in every case is 1. 


TABLE XXVIII. 


Comparison of Dynic and Refraction Equivalents. 


| 
1 2 Bae 5 
rt ee 10 1-0 10 10 
praise Hod ant 215 | +28 19 17 
fi Wes een ‘BT 54 62 66 
NEO 1-9 14 15 15 
Nese ie ian Re 6 BD 4 37 
DME, Peper ct. fO8t cl aM Hy ARE 1-01 
ae 135 | 118 | 13 12 
Oe cs: 22 Pay Le 1-9 
ONBES ict ajiael! Dee ATS zed cvlhesieece 3-0 
5. eS 16 i a aa 1-9 
Bibee e ens cs: 13 13 15 1:3 
Bee (4st 55-6) 16 2-0 17 2-0 
iy. is 53 31 27 32 


| 


This table brings out the remarkable fact that the paral- 
lelism between the dynic and refraction-equivalents is so 
close as almost to amount to proportionality. I shall not 
discuss the meaning of this relation until I have shown how 
to obtain the dynic equivalents for the elements usually 
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occurring in inorganic compounds, and established the same 
relation for them also. 

Meanwhile it will be useful to compare the dynic and 
refraction equivalents of the uncombined elements and of 
those simpler typical compounds to which we have said the 
summative law does not apply as regards dynic equivalents and 
does not accurately apply as regards refraction-equivalents. 


TABLE X XIX. 


Ratio of Dynic to Refraction Equivalents, each measured 
in terms of that for CH, as unity. 


Biv) |e UNE) | nOkseltCHy. \OsFte' H5S) |.CH-eOHCLS hese 


09 “21 *22 "38 32 “45 “719 ‘75 94 72 


‘90 83 79 «| 1:06 | “76 96 83 88 ‘89 “£6 


We see that the ratio is small for the uncombined ele- 
ments and OH, and C,Hy, a result of the important fact that 
while the refraction-equivalent of a non-metallic element is 
almost the same in the uncombined state as in the combined, 
the dynic equivalent is much smaller in the uncombined state 
of an element. The meaning of this fact will be discussed 
later on ; connected with it is the fact that the ratio for most 
of the typical compounds in the last table is notably less than 
unity. A molecule has to reach a certain degree of com- 
plexity before the summative law holds as regards its dynic 
equivalent ; the same may be said about its heat of formation. 
Further comment on the connexion between dynic equivalent 
and heat of formation must be deferred for a little. 

We can now give a formal enunciation of the law of the 
virial constant :—If the molecule of an organic compound is 
of a degree of complexity higher than that of the ordinary 
typical compounds, then the virial constant for one gramme 
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of the compound is given in terms of the megamegadyne, 
gramme, and centimetre as units by the relation 


M7 = 6S+-668?, 


where M is the usual molecular weight of the compound, and 
S is the sum of the dynic equivalents of the atoms in its 
molecule (measured in terms of that for CH, as unity). 

According to the law of force 3 Am?/r*, Am? is propor- 
tional to M?/ and therefore follows the same law. 


13. Return to the Discontinuity during Liquefaction of 
Compounds and proof that it is due to the pairing of Molecules. 
—The interpretation of the form of the internal virial expres- 
sion above the volume & is of the highest importance in the 
theory of molecular force, and can now be attempted in the 
light of the law for M’/. If the molecules of a substance do 
pair to produce an actual chemical polymer of it, then its 
molecular mass changes from M to 2M, while 8 the dynic 
equivalent changes to 2S, and consequently 


L or (68+°66 S?)/M? 
changes to a value given by 

V = (68/2 +°66S?)/M?. 
When S is small we see that the pairing of molecules to pro- 
duce a polymer causes the virial constant (for one gramme) 
to diminish to nearly the half of its value for free molecules ; 
when § is larger this statement becomes less exact. In the 
case of CO, for example, if from Table XXV. we take S 
as 1°05, then 


1=:00367 and l'=:00206, 
but in the case of ethyl oxide, with S=4°5, 
1=:00738 and /'=-00491. 


In both cases we see that the pairing of the molecules to 

form a new chemical compound or polymer is attended 

with a reduction of the virial constant towards one half, 

but not exactly to one half of the original value. Now the 

data given in Tables I. and III. and the form of virial term 

taken to represent them, //(v+é), along with the fact that 
Vol. XII. I 
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below volume & the form is 1/2v, mean that in the limiting 
gaseous state the virial term is practically J/v, just as below k 
it is //2v ; hence we must regard the pairing of the molecules 
to be such as to cause the virial constant to become one half 
of its higher limit—in other words, the pairing must be 
different from polymerization. We are therefore led to 
differentiate the chemical and physical pairing of molecules 
by the statement that while chemical pairing alters the virial 
constant in the ratio 


(68+ °66 S?)/(12S+2°648?) or (14+°118)/(2+°448), 
physical pairing alters it in the ratio 
68/128 or 1/2. 


The term ‘66 S? would thus appear to have a certain chemical 
significance. 

And now as to the form /[/(v+) connecting the two ex- 
treme cases. We can explain it in the following manner :— 
It will be shown when we come to treat of solutions that if a 
salt having a parameter of molecular force 3A (proportional 
to its virial constant /) is dissolved ina solvent with parameter 
3 W so that there are n molecules of salt to one of solvent, 
then the solution behaves as if it consisted of molecules 
having a parameter 3 X given by the singular relation 


X= (W-4+nA-)/(1 +27). 


Now, in a gas being compressed towards the volume &, let us 
assume that there are a number of pairs of molecules propor- 
tional to & and a number of single molecules proportional to 
v—k, and that the same relation applies to the mixture of 
paired and single molecules as to the solvent and salt in a 
solution, then, replacing W by / and A by //2 and n by 
k/(v—k), we get for the reciprocal of the virial constant of 
the mixture 


cs pS fy 3 :) k 1 vt+k 
Maes eek =e he wal 2 a Cr PR ea, 
= +520: D/0+2)=7- » 


“. X=l/(vt+h), 
and therefore the virial term is J/(v +h). 
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This would be no demonstration of the pairing of molecules 
in compounds, if we did not already have it proved in the 
case of the elements that. the virial term varies inversely as 
the volume at all volumes. Remembering this we can accept 
our form //(v+k) as indicating the existence of a mixture of 
paired and single molecules, the number of pairs at volume, v 
being to the number of single molecules as k to v—k. 

The form of the energy term, 

2k 
RT ( 1+), 
must also be partly determined by this existence of pairs, but 
it would be foreign to our immediate subject to attempt to 
investigate it. 


14. Brief Discussion of the Constitution of the Alcohols as 
Liquds.—To learn a little more on the subject of pairing, it 
will be of some profit to consider briefly here the alcohols and 
water, which so far have been left aside, after having been 
proved in Table XII. to follow in the supracritical region a 
different law from the usual one. But also in the liquid state 
the alcohols and water, while conforming to the general liquid 
laws in many respects, are still exceptional in others. Thus 
Hotvés (Wied. Ann. xxvii.) has shown that the alcohols will 
conform to his generalization if at the lower range of tempe- 
rature, from 20° C. to 170° C., the molecules be considered 
complex (double relatively to ordinary liquids), and water 
also conforms if from 100° upwards its molecules be con- 
sidered double ; the molecular lowering of the freezing-point 
of water produced by the solution of bodies in it as measured 
by Raoult and compared with the molecular lowering for 
other liquids proves that relatively to these the molecule of 
water is double. Taking all the facts into consideration, it 
seems to me that the alcohols and water may be assumed, in 
the liquid state, to have the pairs of molecules again paired, 
the second pairing, however, not being of so intimate a nature 
as the first, consisting of a mere approximation of the first 
pairs without any change in the values of A or of J. 


According to this assumption we should expect the beha- 
12 
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viour of the liquid alcohols to be represented by a form similar 
to our infracritical equation, and we will assume 


= R’ vT <—) ibe 
po = R'T(1+ 4S. 6) — ap 


where R! is about 2R. 
It was on the infracritical equation that our second method 
of finding M?/ was founded, giving the relation 


4 @ 20 
if = 3 (v0 + 26 R)oT, 


which can be applied to Amagat’s data (Ann. de Chim. et de 
Phys. sér. 5, t. xi.), and Pagliani and Palazzo’s (Wied. Beil. 
ix.) for the alcohols. 

Again, our assumption enables us to apply the fifth or 
capillarity method of finding M7 to the alcohols, if only we 
remember that the molecular domain becomes twice as large 
and its radius 2° as large as it would be with only one pair- 
ing; hence the equation for the fifth method becomes for 
the alcohols 

l= cavi/(2m)3. 


Schiff’s data are available. 

As the latent heat and critical temperature are largely 
dependent on the supracritical equation, we ought not to 
expect the formule for M*/ furnished by the third or latent- 
heat method and by the fourth or critical-temperature method 
to apply to the alcohols. But as the relation 


Mx = 19-4T,, 
or, empirically, 


MA = 21 He 


which was deduced in the discussion of the third method, 
does apply approximately to the alcohols, the constant being 
26, we may as well, for purposes of comparison, see what the 


formule of the third and fourth methods give in the case of 
the alcohols. 
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TABLE XX X.—M2 for the Alcohols. 


Method ...... Second. - Third. Fourth. Fifth. 
Methyl ............ 8 22 (11) 17 (9) 9°4 
ERY. cet chases 14 38 (19) 25 (17) 176 
Bropyliy cs. cugs.ks Pe: a) a eres 34 (26) 27:8 
Isopropyl ......... pe Sai ial ate Se 33 (25) 27°6 
Tsobutyl....:....... SE PENNE LRe a cae 46 (38) 378 
in at eee 47 82 (41) 57 (49) 48:1 
Oobyl oa ceesccese esr wekos a 326 (163) 

Wiater™ .cecccccoes} 9 shoes 11 (5°5) 9 6 


The second and fifth methods give results in substantial 
agreement with one another; the third gives numbers which, 
when halved as in the brackets, come into agreement with 
the others; while if 8 be subtracted from the numbers furnished 
by the fourth method as in the brackets, the resulting num- 
bers are in very close agreement with those given by the 
fifth method. That the two discrepant columns should be 
capable of harmonization with the two others by the simple 
operations of halving and of subtracting a constant is signi- 
ficant of some really simple principle on which the abnor- 
mality of the alcohols in the supracritical region depends. 

But too much importance must not be attached to the 
general agreement among the numbers, as they are all founded 
on tentative assumptions ; they simply prove that our idea of 
a second loose pairing of molecular pairs in the liquid alcohols 
is not discordant with facts. 

The following are the dynic equivalents corresponding to 
the values of M?/ found by the fifth method compared with 
those calculated from the dynic equivalents of the elements 
and placed in the third row. 


Alcohols). ..c..0-2.-0 Methyl. Ethyl. Propyl. Butyl(iso). Amyl(iso). 
Dynicequiv.found 1°35 Doon ok 4°3 Deli 
calcul. 1°8 2°8 3°'8 4:7 Dl 


” ” 


For water the dynic equivalent found is ‘91, while 1-03 is 
the calculated value. The values found for the alcohols are 
about ‘5 smaller than those calculated. If from the capilla- 
rity data we had calculated the values of M%/ and the dynic 
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equivalent as if the alcohols were not exceptional in any way, 
we should have got:— 


Alcohols ......... Methyl. Ethyl Propyl. Butyl. Amyl. 
SE calla speed 22°2 35 476 60:6 
Dynic equivalent 1°65 2°8 3°9 dl 61 


These values of the dynic equivalents agree well with the 
calculated ones above, but then the values of M?/ being all 
increased in the ratio of 2° to 1 are no longer in agreement 
with the values got by the second method. 

Accordingly we see that the alcohols will require an 
exhaustive study for themselves, if the interesting features of 
their molecular structure are to be thoroughly made out. I 
have merely sketched lines on which their abnormality may 
be hopefully investigated. Those bodies, such as nitric per- 
oxide, studied by the brothers Natanson, and acetic acid, 
studied by Ramsay and Young, which have been proved to 
have double molecules split up both by the action of heat and 
reduction of pressure have not been touched on in this paper; 
they also would require a special investigation in which our 
characteristic equations would lend an assistance much 
required. 


15. Methods of finding the Virial Constant for Inorganie 
Compounds, including a Theory of the Capillarity and Com= 
pressibility of Solutions—So far I have secured only two 
methods of finding the virial constants and dynic equivalents 
of inorganic compounds from existing data, and only one of 
these is practically useful, namely the first, in which the 
surface-tensions of solutions are the source of the values ; 
the second is based on the compressibility of solutions. Using 
our expression for surface-tension in terms of molecular force, 


(a= mprAe/(2+ V2), 


in the form iy. pt m/e, 

where c is a constant, I was led to imagine that it could be 
adapted to the case of a solution by means of the following 
suppositions :—First, that in a solution containing » mole- 
cules of dissolved substance of molecular mass p to one of 


LAWS OF MOLECULAR FORCE. 105 


solvent of molecular mass w, the solution may be assumed to 
be a substance of molecular mass 


m = (w+np)[(1+2) ; 
second, that if 3W is the parameter of molecular force for the 
solvent and 3A for the dissolved substance, then the parameter 
3X for the solution is connected with W and A by the relation 
X71 = (W-!4+nA-)/(1 +2). 

This seems highly arbitrary, but will be completely verified 
by the results to which it leads. I could make no progress 
in the handling of solutions until, in the course of some work 
on the elasticity of alloys, I discovered a relation similar to 
the above to hold, and this proved to be the immediate clue to 
the treatment of solutions. 

Let 2, be the surface-tension of water, then we have the 
following equations giving A :— 


ae Xp wtnp Ve ot = Wwi/c, 


Ao = X14 (X-—W-1)/n. 

These equations ought to give the same values of A~! what- 
ever the strength of the solution may be; and herein lies a 
first test of the truth of the principles involved. 

The following values of cA! for NaCl are calculated from 
Volkmann’s data (Wied. Ann. xvii.) for its solution in water 
at 20°; w is taken as 18, although we consider the water 
molecule to be complex, but this does not affect the purely 
relative comparison being made :— 

Fee ey 105 084 052 035 017 

CAs.) 1°84 1°38 1:47 1°46 1:42 

Considering that the solutions range from saturation down 
to considerable dilution, the approach to constancy is satis- 
factory; but it will be noticed that, on the whole, there is a 
tendency for the value of cA to increase with diminishing 
concentration, and this same phenomenon is to be seen in 
the case of almost all Volkmann’s solutions, most pronoun- 
cedly in that of CaCl, :— 

aed aw eo. 068 ‘041 O21 ‘O11 

CA eed 2°53 7 ral i 2°95 3°12 
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This case shows us that there is a certain amount of incom- 
pleteness in our theory of the capillarity of solutions, as indeed 
we ought to be surprised if there were not, when we try to 
apply our arbitrary definition of the molecular mass of a solu- 
tion to one which contains 56 parts by weight of CaCl, to 100 
of H,0 as the solution for which n=*091 does, and also when 
weassume that the concentration in the surface-layer is the same 
as in the body-fluid at all strengths up to saturation. If our 
object were an exhaustive representation of the connexion 
between the surface-tension of a solution and its concentration, 
it would be easy to introduce a slight empirical alteration into 
the above equations to make them exhaustive. Tor instance, 
we might imagine that the effective value of W in a solution 
experiences a small change proportional to the concentration ; 
but the equations as they stand will prove to be sufficient for 
our purpose if, in comparing solutions of different substances, 
we calculate cA-1 for the same value of n throughout. 

In all subsequent calculations n=18/1000. The experi- 
mental data for surface-tensions of solutions are abundant, the 
chief that I know of and have used being those of Valson 
(Compt. Rend. \xx., |xxiv.), Volkmann (Wied. Ann. xvii.), 
Roéntgen and Schneider (Wied. Ann. xxix.), and Traube 
(Journ. fiir Chem. cxxxix.). 

The following Table contains the values of cA for a certain 
namber of compounds, the surface-tension being measured in 
grammes weight per linear metre and the half molecules of the 
salts of the bibasic acids being regarded as molecules. 


TABLE XX XI.—Values of cA-!. 


we: Br. Cl. | No, OH. | 380,. | 400,. 


Ti TIRES Tee H 415 | 2-46 | -83 11-61 | -83 | 1-61 

NH: Gat ae a 399 | 2:21 | -70 | 154 | ... | 1-45 

Na ee 474 | 306 | 1-45 | 230 | 137 | 230 | 1-95 
2:55 | 171 | 272 | 291 


KEYES Ses thuetecee: 4°99 | 331 Hee 


The study of this table brings out the fact that the differences 
of the numbers in any two rows or in any two columns are 
constant: thus the differences for the iodide and chloride of 
the four bases are in order 3°32, 3°29, 3°29, and 3-21, while 
the differences of cA—! for the Na and Li salts of the mono- 
basic acids are in order °59, ‘60, °62,°69, and *54. Accordingly 
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each atom contributes a certain definite part to the value of 
cA~ for the molecule in which it occurs, and that part is 
independent of the other atoms in the molecule. I shall call 
this part the parameter-reciprocal modulus of the atom ; we 
have not at present sufficient data to get its absolute value in 
any case, but if we make Li onr standard positive radical, and 
Cl the standard negative, we can calculate the average values 
of the difference between the parameter-reciprocal modulus of 
a radical and its standard,—thus in the case of iodine this 
difference is 3°28, and in the case of Na °61, and so on. 

Before tabulating these mean values I will give the values 
calculated for the salts of some other metals with the values 
for the same salts of Li subtracted. 


TABLE XXXII. 


I Br Cl. | NO,. | 480, 
ise 39 85 58 
44 73 67 ‘5D 

os 167 | 1-71 - 

249 | 252 eS 
“s ES 1:35 at 1:33 
224 | 242 | 215 = 2-29 
3 ‘: 117 93 | 1:22 


To these we may add the following values, obtained from 
the sulphates $Fe—Li 1:27, 3Ni—Li 1:19, $Co—Li 1°15, 
4Cu—Li 1°49, JAl—Li °6, 3 Fe, —Li °5, and 4Cr,,— Li 1:0; 
and the two following from the nitrates Ag—Li 3°91, and 
£Pb—Li 4°51. 

The following Table contains the values of the parameter- 
reciprocal moduluses of the different metals minus that for 
Li and of the negative radicals minus that for Cl. 


TaBLE X XXIII. 


Mean Values of Parameter-reciprocal Modulus for the Metals 
with that for Li subtracted. 
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The same for negative radicals with that for Cl subtracted :— 
il Br. NO,. OH. 480,. 3C0,. 
3:28 1°56 81 04 86 ‘46 

It may be worth mentioning that these differences show a 
pretty close parallelism to the corresponding differences of 
the atomic refraction given by Gladstone (Phil. Trans. 1870), 
but not close enough to be worth dwelling on. 

In the case of the organic bodies studied there was nothing 
analogous to this singular property possessed by these inorganic 
compounds of having the reciprocal of the parameter A of 
molecular force separable into a constant and definite parts 
contributed by each constituent of the molecule.. Thus we 
have characteristic of inorganic bodies in solution another of 
those properties called by Valson modular, who discovered 
that the density, capillary elevation, and refraction of normal 
solutions (gramme-equivalent dissolved in a litre of water) 
could all be obtained from the values for a standard solution 
such as that of LiCl by the addition of certain numbers or 
moduluses representing invariable differences for the metals 
and Liand for the negative radicals and Cl. Other properties 
of solutions have since been proved to be modular, as for 
instance their heats of formation from their elements and 
their electric conductivities. I think the modular nature of 
some of these properties of solutions is the outcome of this 
modular property in the parameter reciprocal of molecular 
force along with the additive property in mass. To prove 
this in the case of density would require a special investiga- 
tion, but if we assume the property for density we can easily 
deduce Valson’s result that the property applies to capillary 
elevation. Let A be the height to which a normal solution of 
any salt RQ rises in a tube of radius 1 millim., then 


~ 2a/p= IX pi( VT PY 
A= 2alp= 2% ph{ I+n )je 
Let r and q be the density moduluses of the radicals R and 
Q, being small fractions, then p=d+r-+q, where d is a con- 
stant nearly 1 ; also 


X-1=(W7 +nA-Y/(1 +2), 
so that 


Sola be Oe (etn) 
b= 2 grape ld te+9) i) i 
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Remembering that in the case of a normal solution n is small, 
being 18/1000, we can develop the last expression in powers 
of n as far as the first ; and it is evident that as p the mole- 
cular mass possesses the additive property and A~ possesses 
the modular property, then / must also possess the modular 
property, which is Valson’s result. 


16. Second method of finding the Virial Constant for Inorganic 
Bodies or Solid Bodies in general from the properties of their 
solutions.—In this method the compressibility of solutions is 
used. Ifa solution could be treated as an ordinary liquid we 
might attempt to apply the equation of our second method for 
liquids, namely, 


Ad 25 
I= 3( roe - aah )er ; 


but as the solutions to be dealt with are all aqueous, and as a 
for water at ordinary temperatures is quite abnormal, it would 
be useless to attempt to apply this equation to them; but 
from the “ dimensions” of the physical quantities involved in 
it, we may make it yield a correct form of empirical equation 
for solutions. If we neglect the small term 25R/26, and also 
the difference between v and v at ordinary temperatures, the 
equation above suggests the simple form / varies as 1/up?, that is 
X~-! varies as yup”, say KX—1=ypp?, where K is a constant, 
and for water KW-1=yz,, the compressibility of water, and 
as before we have X-!=(W-!+nA7})/(l+n). But on 
account of the rapid alteration of the compressibility of water 
with pressure, and its anomalous variation with temperature, 
we must be prepared to admit that the part of the com- 
pressibility of a solution due to the water in it is altered from 
its value in pure water, and is more altered the more the 
water is compressed in the process of dissolving the salt. Let 
this compression be measured roughly by the total amount of 
shrinkage that ensues when 1 molecule of salt is dissolved in 
1000 grms. of water, call the shrinkage A, and let us amend 
the equation given above to KX~!=yp?+/(A). Let suffixes 
aand 6 attached to symbols refer them to two different bodies, 
then 
KX>'—KX;'=p,p2—myp3 +/ld,) —/(d9); 
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pub KX}! KX;1=Ka(A}—A;)/(1 +2), 


 Kn(A*—Az")/(1 +2) =H,05— Mops +f(Aa)-F(4s)- 


Hence, selecting pairs of bodies for which A,=A, approxi- 
mately, we ought to get .,p?—,p? proportional to cA71—cA;", 
the values of the last expression being obtainable from 
Table XX XI. 

To facilitate the comparison I furnish the following broad 
statements about A founded on the study of data as to the 
molecular volumes of salts, both solid and in solution, given 
by Favre and Valson (Compt. Rend. Ixxvii.) Long (Wied. 
Ann. ix.), and Nicol (Phil. Mag. xvi. and xviii.). The modular 
property applies approximately to shrinkage on solution ; the 
shrinkage of a gramme-molecule of LiCl is 2, and the shrinkage 
for a gramme-molecule is increased when for Li is substi- 
tuted 


K, Na, NH,, Ca, $8r, 4Ba, 
by 8 7 —5 10 11 125 
and when for Cl is substituted 
Br, ie NOs WATSO ssCOy 
by 0 0 0 8 PA: 


After giving the values of wp? in the next table we can pro- 
ceed with the comparison. 


TaBLE XXXIV.—Values of 10"pp?. 


Cl. Br. I. NO,. 480,,. ACOR 

1 Lad aNae 432 484 541 457 433 

INa es Seve. taamatics 441 496 550 468 444 428 
KGa erinc crn eere ace 454 507 557 480 450 437 
IS Oh seoae a sunacorc 443 493 544 466 442 

A OBs Meas ce eise cet 464 

OIE dna cine aeeae ee 497 

BiBa Ui wstiacens 521 


The experimental data used are those of Réntgen and 
Schneider (Wied. Ann. xxix.), and those of M. Schumann 
(Wied. Ann. xxxi.) for CaCl,, SrCl,, and BaCl,, in the case 
of which I calculated the compressibility for the half-gramme 
molecule according to his result that ~—p,=cp where p is 
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percentage of salt, using a value of ¢ got from the more con- 
centrated solutions. 

An inspection of this table shows that 10"up? possesses the 
modular property ; it gives for instance the following dif- 
ferences for Na and Li, 9, 12,9, 11,11, with a mean value 10, 
and so on for the other metals; the mean values for the metals 
minus that for Li are :— 


Na. K. NEL 1Ca. i8r. Ba. 

10 20 8 32 65 89 ; 
and for the negative radicals minus that for Cl :— 
Br. I NO, 380, _400,. 


52 105 25 0 —15. 
We can now select pairs of bodies for which A, =A, and test 
if 4,02 —/,P; 18 proportional to cA>1—cA;1. 
The following are pairs of elements characterized by nearly 
equal shrinkage on solution with the values of the differences 
of 10’yp? and of cA— and also their ratio. 


TABLE XXXV. 


Equal shrinkage pair...| K,Na.|4Sr, $Ca.| $Ba, 40a. | Br, Cl.| I, Ol. | NO,, Cl. 


Mean diff. of 107up?...| 10 33 57 52 | 105 25 
Mean diff. of cA7?...| -29 1:05 185 | 1:56 | 328 | ‘81 
Ratio of differences ...} 34 ol 31 33 32 31 


The agreement here is excellent, as will be seen more clearly 
if we compare bodies not having equal shrinkage, as K and 
Li, for which we get the 10"yp? difference 20, the cA~ diffe- 
rence ‘90 with a ratio 22, or K and NH,, for which the two 
differences are 12 and 1:05 with a ratio 11. 

The agreement above is a verification of the theory of the 
compressibility of solutions, here barely outlined, and the 
equation 

10"(u,,p3— Maps) = 82 (cAZ*—cA;") 


when A,=A, nearly constitutes a second method of getting 
values of cA—!; but we will not use it, as it adds no bodies to 
our list. It suffices to have partly veritied the principles on 
which the first method is founded by their application to quite 
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another physical phenomenon, and especially the principle 
involved in the remarkable equation 


X1=(W 1+ 7A (1 +2). 
With the values in Table XX XIII. and that for LiCl, namely, 


*83, we can obtain the value of cA7! for any salt whose con- 
stituents are to be found in the table, or we can if we like use 
the actual values in Tables XXX. and XX XI.; we can then cal- 
culate M?/cA-}, which is proportional to M%/, or M7 = CM?’/cA—1, 
where C is a constant. ‘To connect the values of M? thus 
found with those previously given absolutely in Table XXV., 
we must find the value of C/c, which we can proceed to do in 
the following manner :— 

We have seen (Section 14) that we had better regard the 
molecule of water as doubled relatively to that of ordinary 
liquids, and as we have shown that the molecules are paired 
in ordinary liquids the molecules are doubly paired in water ; 
but it was suggested that the second pairing of the pairs was not 
attended with any alteration in the parameter of molecular 
force, and that the only ettect of the second pairing was to make 
the radius of the molecular domain of water 23 as large as if 
water were an ordinary liquid. And, again, in the case of 
solutions the surface-tensions have been measured at about 
15° C., whereas for comparison with our previous work they 
ought to have been measured at 27/3, which for water is about 
150°C. At this temperature the value of the surface-tension 
of water reduces, according to Hotvés, to about ’6 of its value 
at 15°C. Hence the equation, which treating water as an 
ordinary liquid and at 15° we wrote a,, = Wwi/c, ought for 
double pairing and at 150° to become ‘6a»=W23w/c, and 
similar statements hold for the equation for a; so that values 
of W, X,and A, as deduced from measurements at 15°, ought 
to be reduced by the factor 6/23, or 1/2, to give the desired 
values. Now in the case of homogeneous liquids in the 
equation l=cav'/m3 giving / in terms of the megadyne we 
found a value 5930 for ¢/2, with the megamegadyne as unit 
of force c/2="00593; and we can use this same value in the 
case of solutions after we have halved our values of A, or 
doubled those of cA" so far given; hence using the values 
of cA—! so far given we get M*/=-00593M?/cA—}. 
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Fortunately, a test of this argument is made possible by 
means of Traube’s data for the surface-tension of solutions of 
certain organic acids and sugars, for which the values of 
00593M?/cA~ are given in the following Table, as well as 
values of S found by the relation M?/=6S (the term ‘668? 
being omitted), and also values of S calculated from the 
dynic equivalents in Table XX VI. 


TABLE XXXVI. 


OxalicAcid.} Citric Acid. Glycerine. | Mannite. 
(COOH),. |C;H,OH(COOH),.| C,H;(OH),.| C,H,(OH),. 


NT Ses Sock wanes Sesiest 19°4 43-5 33°5 63-0 
= MF/G.o. 2 eaee- 3-2 72 56 10°5 
S from dynic equiv. 4-2 9:7 5:0 10:0 
Tartaric Acid. Dextrose. | Saccharose. 
CHO) (COOH) a) C,H, O77 | Cota Or 
ME Meme e cas seoct ocecwass nese 38:9 [21 112°5 
aa MGR ao np scistvone eae 65 12:0 18:8 
S from dynic equivalents 7-4 9-6 181 
| 


The agreement between the two sets of numbers is not all 
that could be desired, but it is good enough to show that the 
only part of M% effective in a solution is the linear term in 
M7/=6S +°66S?; and we have already seen that when the 
molecules of ordinary liquids pair during liquefaction the term 
‘66S? is inoperative in the process, so that there is a certain 
resemblance in the relations of two paired molecules and those 
of solvent to those of substance dissolved. 

Returning to the inorganic compounds we can now tabulate 
the absolute values of M*/, calculated according to the rela- 
tion M7J=:00593M?/cA—!. The manner of calculation is best 
illustrated by an example, say for KBr ; first °83 is taken as 
the value for LiCl, and to it are added °90 and 1°56, taken 
from Table XX XIII., as the differences for K and Li and for 
Br and Cl; the square of the molecular weight of KBr is 
divided by this sum and multiplied by -00593 to give the 
tabulated value of M*/ in terms of the megamegadyne. From 
the value of M?/ thus found the dynic equivalent S is calcu- 
lated by the relation M%/=6S, which has been seen to be 
appropriate to values of M*/ obtained from solutions. 


114 MR. WILLIAM SUTHERLAND ON THE 


TABLE XXX VII.—Values of M?/ and 8. 


Cl. Br I NO, 4sO,. | 400, 
M7. 98. | M2. 8. | Mz S| M2 8. | MZ S. IM% 8 
Li ...| 125 21] 187 31) 257 43/171 28]106 18 
Na ...| 137 23208 35 | 280 47]188 31/128 21|86 1:4 
K ..., 185 31 | 283 47 | 324 54 | 235 39] 172 29 |128 21 
NH, | 230 38] 27:0 45 | 81:0 52|250 42/170 28 
4Mg | 10-4 17/177 30] 251 42] 156 26/101 1-7 
10a...|120 20] 194 32] 267 45]173 29 
Agr...| 142 24 | 218 36| 293 49]195 32 
3Ba...| 188 31] 264 44 | 339 56 | 240 40 
Toa ea We actnay dle ile el me ene AN OLE PT: 
4d...) 15-7 26 | 232 39] 805 51] 210 35] 162 27 
Pion ll LOnlowe lalla ee Geo eT bit 520 


To these may be added the following :— 


AgNO,. |4Pb(NO,),.| 4CuSO,. | 4FeSO,. | 4NiSO,. | 


M7... 30°6 263 IL-5 11-4 123 
19 1-9 2:0 


Slaacnoa0ae 51 4:4 


4CoSO,. | $A1,(SO,),. | 3Fe,(SO,),. | 4Cr,(SO,),. 


Melerae sos 12:7 8:9 126 9 
. 15 21 1 


6 
6 


! 


The additive principle holds amongst both sets of numbers 
except in the case of NH,; see for instance the following list 
of the differences of S for the iodides and chlorides :—2°2, 2:4, 
2°3, 2°5, 2°5, 2°5, 2°5, 2°5. Now we have already seen that 
the modular principle applies to cA—! (the modular principle 
applies when a quantity is given by the addition of moduluses 
to a constant, the additive principle is a special case of the 
modular in which the constant is zero) ; the additive principle 
applies to M the molecular weight: hence it would appear 
to be a mathematical impossibility that the modular or additive 
principle should apply also to M?/cA“", rigorously ; or, more 
accurately, if the modular principle applies rigorously to one 
of the quantities cA~' and M?/cA~" it cannot apply rigorously 
to the other: but practically we find such relations amongst 


a ee 
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the numbers that both are approximately obedient to the 
modular principle. The case of NH, casts some light on the 
question, for with it cA—! shows the same differences in the 
values of the chloride, bromide, iodide, and nitrate us with 
the other positive radicals, while M?/eA—! does not do so: 
this case would make it appear that the modular prin- 
ciple applies rigorously to cA~', but not so rigorously to 
Mea), 

But leaving out of the count this case of NH,, significant as 
it is, we can find mean values for the differences of the dynic 
equivalents of all the metals and Li, and of all the negative 
radicals and Cl ; if we can obtain the absolute value of the 
dynic equivalent of Li and of Cl, we shall have those for all 
the metals and radicals. Now from the organic compounds 
we have already got a value 13 for the dynic equivalent of 
Cl, and hence from the value for LiCl we could obtain that 
for Li. The value tabulated for LiCl is 2:1, but we can 
obtain a mean value fairer to all the other bodies by sub- 
tracting, for example, from the value for KI the mean difference 
for K and Li, and for I and Cl; in this way we arrive at a 
mean value 1°9 for LiCl, from which, taking the value 1:3 for 
Cl, we should get ‘6 for Li. But the refraction-equivalents of 
the halogens are supposed by Gladstone to be a little larger 
in inorganic than organic compounds ; so that in the light of 
our previous knowledge of a close parallelism between dynic 
equivalents and refraction-equivalents it might be safer to 
assume that the dynic equivalents of Li and Cl in LiCl are in 
the ratio of their refraction-equivalents in that compound, 
namely, 3°8 and 10°7. According to this assumption the values 
for Li and Cl come out ‘5 and 1:4, which we will adopt as 
true and use in the calculation of the dynic equivalents of the 
elements given in the following Table. These are measured 
of course as before in terms of that for CH, as unity, and, 
again, for comparison there are written along with the dynic 
equivalents the refraction-equivalents in terms of that for CH, 
as unity, calculated from Gladstone’s values (Phil. Trans. 
1870). 


VOL. XII. K 
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TaBLE XX XVIII. 


Li. | Na. | K. | 3Mg.| 30a. | 48r. | 4Ba. | 3Zn. | Cd. 
Dynic equivalent ...... 5 8 | 16 3 D5 ‘9 1y/ 65 | 1:22 
Refraction-equivalent .|  °5 *63| 1:06] °46 68 ‘90 | 1:04; 67) ‘9 


Dynic equivalent ......| 2°70| 2:0 6 9) 6 eff 8 2 8 
Refraction-equivalent .| 2:06) 1:63} 76] °8 “81 69 Spiel, Syl). 38e33 


Dynic equivalent ...... 3 14 | 2:7 Stes |) YFG} 1:35} .°5 ier 
Refraction-equivalent.| °7 14 | 2:2 3°6 18 Ile} 8 2:4 


Again we see a remarkable parallelism between the dynic 
and refraction-equivalents of the elements and radicals. Of 
course there are refinements which will yet have to be made 
in the calculation of the dynic equivalents, but it is not likely 
that they will make the parallelism seriously closer. 


17. Meaning of the Parallelism between Dynic and Refraction 
Equivalents, and general speculations as to the volumes of the 
atoms and their relation to ionic speeds—We are now called 
upon to consider the meaning of this parallelism which has 
been demonstrated both for organic and inorganic compounds, 
and we shall be helped thereto by the very simple theory which 
Thave given of the Gladstone refraction-equivalent (Phil. Mag. 
Feb. 1889), showing that to a first approximation 


(n—1)u = S(N—1)U, 
where n is the index of refraction and w the molecular domain 
of a substance, N the index of the matter of an atom, and U 
its volume in the molecule. Hence the refraction-equivalent 
of an element is the product of the refractivity (Sir W. Thom- 
son’s name for index minus unity) of the substance of its atom 
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and the volume of the atom (the volume of the atom being 
measured in terms of the unit in which the molecular domain, 
usually called molecular volume, is measured); so that the 
refraction-equivalent is a function of the two variables only, 
namely, the volume of the atom and the velocity of light 
through it. Now we have seen that the expression M%, as a 
whole, in one aspect appears to be not dependent directly on 
the molecular mass M, seeing that Ml can be represented in 
terms of certain quantities which we have called dynic equi- 
valents. Hence, as / is proportional to A in our expression 
3Am?/r* for molecular force, we see that in one aspect mole- 
cular force seems to be not directly dependent on the mass of 
the attracting molecules; and yet, on the other hand, in con- 
sidering solutions we found that the quantity A asserted its 
individuality as separate from the whole expression Am’, so 
that in another aspect there does appear to be a mass action 
in the attraction of two molecules. However, regarding 
M?/ or Am? as a whole, the simplest hypothesis we can make 
about the mutual action of molecules is that it depends most 
on the size of the molecules. This would make Am? a simple 
function of U; so that the dynic and refraction equivalents 
would have this in common, that they are both simple functions 
of U. Suppose, now, that the velocity of light through all 
matter in the chemically combined state is approximately the 
same, or that N is approximately the same for all atoms as 
constituents of compound molecules, then the refraction-equi- 
valents given by Gladstone are directly proportional to the 
volumes of the atoms in the combined state, and then the 
parallelism between dynic and refraction equivalents would 
mean that S is nearly proportional to the volume. It is very 
interesting, therefore, to inquire briefly whether there is any 
evidence to prove that Gladstone’s refraction-equivalents are 
proportional to the volumes of the atoms ; and I think that 
in Kohlrausch’s velocities of the ions in electrolysis we have 
such evidence. If different solutions, such as those of KCl, 
NaCl, or 4BaCl,, ere electrolysed under identical circum- 
stances, then we know, according to Faraday’s law, that 
each atom of K and of Na, and each half-atom of Ba, may be 
considered to receive the same charge, so that they acquire 
their ionic speeds under the action of the same accelerating 


K z 
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force. Accordingly, the ionic speed characteristic of an atom is 
reached when the “ frictional” resistance to its motion is equal 
to this accelerating force ; hence the “ frictional ”’ resistance is 
the same for all atoms, or rather for all electrochemical equi- 
valents. Now the “ frictional ” resistance will be a function 
of the velocity of the atom and of its domain (atomic volume) 
and of its actual volume as well as of the domain and actual 
volume of the molecule of the solvent; but if water is the 
solvent in all cases, the only quantities which vary from body 
to body are the velocity and the domain and volume of the 
ions, so that we can say 


“frictional” resistance = $(V, u, U), 
V = F(, U). 


Now the simplest connexion that one can imagine between 
the velocity and the domain and volume of the ion is that 
the velocity will be greatest when the free domain or the 
difference between the domain and the volume is greatest, 
or, to be more general, when the difference between the 
domain and some multiple of the volume is greatest; but 
if N is the same for all combined atoms, then U is proportional 
to the refraction-equivalent g. Hence the form of F is such 
that it contains w—aq, where a is a constant. On studying 
the experimental data I found that a might be considered 
unity, and that V is a linear function of u—qg. There is a 
little difficulty in determining with accuracy the domain of an 
ionic atom in a solution. Nicol, in his work (Phil. Mag. xvi., 
xviii.) on the molecular domains of inorganic compounds in 
solution, has confined his attention almost entirely to differ- 
ences of domains,making the assumption suitable to his purpose 
that the inolecular domain of water is unaltered in solutions, 
whereas we should expect that the greater part of the shrinkage 
occurring on solution of an inorganic crystal happens in the 
water, which is far more compressible than the crystal. 

Accordingly I take the molecular domains of salts in the 
solid state, as given by Long in his paper on diffusion of 
solutions (Wied. Ann. ix.), as nearer to the true domain when 
they are in solution than Nicol’s values ; but to allow to a 
certain extent for the change of state on solution, I have assumed 


or 
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that in each case the water experiences four fifths of the total 
shrinkage and the dissolved salt one fifth. This is an arbitrary 
adjustment, and is of no material importance to the comparison 
to be made except as showing that the point has not been over- 
looked. In the following Table are given under w the mole- 
cular domains, under g the molecular refractions (Gladstone’s), 
in the next column their differences ; under k the specific mole- 
cular conductivities determined in highly dilute solution: by 
Kohlrausch and shown by him to be equal to the sum of the 
velocities of the ions in each case. These are taken from his 
paper (Wied. Ann. xxvi.), with a few additions from an 
earlier one (Wied. Ann. vi.). Under & (calculated) are given 
values of the conductivity calculated from the equation 


k = 68+2°2 (u—q), 


expressing the linear relation between conductivity or sum of 
ionic velocities and u—q. 


TABLE XX XIX. 


U. q: u—q. k. k (cale.). 
IRelperrescntsess cas 535 35°3 18 107 108 
HOBBY US canetee a 44 25 19 107 110 
KCl 36 188 17 105 105 
IN Borsa ain eis see 41 32 9 87 88 
WaBr .insecsecece 32 21-7 10 87 90 
NaCl cn eaveesesss 24 15°5 85 87 87 
PCW canadecess 20°5 14:5 6 78 81 
FMgOl, o. 21.500 20 14 6 80 81 
GOSOIY sees s00. 22 16 6 81 81 
SH SIAO} IS. aanponene 24 17-5 6:5 83 82 
PBACIN eee ee sacs 24 186 5-4 86 80 
EAD Ole deca 23 15:8 7 77 83 


The agreement is here such as to prove a true connexion 
between conductivity and u—q, the more strikingas no relation 
can be seen between conductivity and wu or g taken separately. 
The only bodies I have omitted from Kohlrausch’s latter list 
are the nitrates of some of the above metals and of silver, the 
hydrogen compounds of the halogens, and the ammonium 
compounds. ‘These do not give results in harmony with 
those in the last table, and, indeed, we should hardly expect a 
compound radical like NO; to experience frictional resistance 
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in the same manner as a single atom like Cl, and as to the 
hydrogen compounds they form a class by themselves with 
respect to many physical properties. It will be as well to 
show the amount of departure in these cases in the following 


Table :— 


U. q. u—q. k. k (eale.). 
ELI Qecncesectre aca 56 26 30 327 134 
EL Bey easicet 50 16 34 327 142 
ok ON eeancracaaee 42 ih 31 324 136 
KINO veer Secu: 47 22 25 98 123 
NANO eet 36 19 i, 82 105 
INN OF esas 475 25°5 22 98 116 
INET Cll eeersmcet 35°59 22-2 13 104 97 
| 


Kohlrausch has pointed out that there is some difficulty in 
determining the true connexion between ionic velocities and 
conductivities in the case of the bibasic acids SO, and COs, so 
that we must leave them out of the count for the present. 


18. An Attempt to Determine the Velocity of Light through 
the substance of the water-molecule.—In spite of the excep- 
tions, the relation demonstrated in Table XX XIX. is suffi- 
ciently striking. ‘To explain it, let us replace q by its value 
(N—1)U; then, in interpreting the expression w—(N—1)U 
as occurring in our expression for the conductivity of a solu- 
tion, there are two methods of procedure: first, we can assume 
that u—U, the free or unoccupied part of the domain, is the 
most likely to occur, in which case N=2; second, that u—eU 
occurs in the expression for conductivity, and that ¢ happens 
to have the same value as N—1, on which supposition it would 
be desirable to determine N. At present I know of only one 
way of attempting to find N or v/V, the ratio of the velocity 
of light through free zther to its velocity through the matter 
of an atom, namely by means of Fizeau’s experiment, repeated 
by Michelson and Morley, on the fraction of its motion com- 
municated by flowing water to light passing through it. 
Exactly in the manner of my paper (Phil. Mag. Feb. 1889, 
p-. 148) we can estimate the effect of the motion of matter on 
the light passing through it. Let s be the distance travelled 
by light in water flowing through the ether at rest with 


———_—-_ 
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a velocity 6 in the same direction as the light, v! the mean 
velocity of light through the flowing water, v' the mean 
velocity through still water, v its velocity through free ether, 
V through a molecule of water, J the mean distance through 
a molecule, and a its mean sectional area ; then the total loss 
of time experienced by a wave of unit area of front or a tube 
of parallel rays, or, briefly, a ray of unit section in passing 
through the matter-strewn path s instead of a clear path in free 
ether, will be equal to its loss in a molecule multiplied by the 
number of molecules passed through in the path. This 
number, when the matter is at rest, is proportional to s, to a, 
and to p/M, or it varies as sap/M ; but when the matter is in 
motion it is reduced in the ratio 1—6/v":1. The loss of time 
in each molecule is found thus: //V is the time taken to pass 
through a molecule, and in this time the molecule moves 
a distance /6/V and the unit wave-front moves a distance 
&1+68/V), which in free ether would take a time /(1+6/V)/v ; 
so that the loss of time in a molecule is //V—l(1+6/V)/v. 
Hence, the total loss of time in the path s may be written 


3) 


“at (ys) (a) 


But the loss of time is also s/v’—s/v. Hquating the two ex- 
pressions and putting M/p=w and al=U, v/v"=n", o/V=N, 
we get 


u(n!"—1) =U(N—-1— -N)(1- en: 
v v 


as k is equal to 1, seeing that if 6=0 and U=u, then N must 
be equal to x. This equation is the companion to that for 
still matter, namely, 


u(n—1)=U(N—1). 
But to allow for deformation of the wave-front in passing 
through molecules it was shown (Phil. Mag. Feb. 1889, 
p- 150) that this first approximation might be altered to the 


form 
u(n—1)=U(N—1) +¢p, 
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where c is a constant, and this form was verified, so that we 
may write 


u(n!—1) )=U(N- 1— 2x) (1- ia 


= 8 N ” 


neglecting the ternt in 6? ; 


ee ula —n) =—2U(N=1)(q4 +n!) 
_ nl=—n  ) OU(N—1) nt N +n!) 
“ny u(n—1)* n \N—1 ; 
Now 
n'-n viv"! xd x8 : 
Pu ami = Saat approximately, 


where is the fraction of the water’s velocity imparted to the 
velocity v to change it tov’. Fizeau (Ann. de Ch. et de Phys. 
sér. 3, t. lvii.) found a value ‘5 for w,while Michelson and Morley 
aoe: Journ. Se. ser. 3, vol. cxxxi.), in a more extended and 
accurate series of peocnmnene found a value e='43+°02, 
which we will adopt. U(N —1) is equal to u(n—1) measured 
in the vapour of water, for which Lorenz (Wied. Ann. xi.) 
gives the value 5:6; the value for water at 20° C., according 
to his data is 6, and v is 1°333, which may also be taken as the 
value for n!’ where it occurs ; all these values being substituted 
in the equation 
No are? Cat) ey 
Nat 7 esl UNE y 


give the value N=9. Hence the velocity of light through 
the water molecule appears to be one ninth of that through 
free ether. But before we could ascribe any degree of 
accuracy to this estimate we should need to be surer of the 
value of x, whose measurement is attended with great experi- 
mental difficulties. It is much to be desired that we had 
similar measurements for ‘ther bodies than water, both liquid 
and solid, to permit of other estimates of N, so as to see if it 
is the same for all compound bodies, and also to decide be- 
tween the theory here sketched and Fresnel’s hypothesis, 
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that matter carries its own excess of zther with it, so that 
& = (n?—1)/n?, which in the case of water is ‘437, in excellent 
agreement with Michelson and Morley’s experimental number ; 
but one such agreement: is not sufficient to establish an 
hypothesis founded on such artificial grounds. However, if 
N=9 then N—1=8, and we have the electrical specific mole- 
eular conductivity k=68+2:2 (u—8U). It is only a coinci- 
dence that this agrees so exactly in form with Clausius’s 
calculation that the number of encounters experienced per 
second by a molecule of volume U moving amongst a number 
of others of volume U is greater than that experienced by an 
ideal particle moving under the same circumstances in the 
ratio w:u—8U. Further experiment must elucidate the 
subject-matter of these speculations. 


19. Suggested Relation between the Change tn the Volume of an 
Atom on Combination and the Change in its Chemical Energy. 
—Returning to the idea that the dynic equivalent furnishes 
a measure of the volume of its atom, we can get a suggestive 
glimpse into the relation between the volume of an atom and 
its chemical energy. Kundt has recently (Phil. Mag. July 
1888) shown that the velocities of light through the metals 
(uncombined) are as their electrical conductivities, being in 
the case of silver, gold, and copper greater than through free 
ether, and as in this case both n—1 and N—1 are negative, 
we see that (n—1l)u or (N—1)U for the metals changes 
greatly when the metals pass from the combined to the free 
state. Now this is in strong contrast to the behaviour of the 
non-metallic elements, which have been shown in the case of 
O, N, C, 8, P, Cl, Br, and I to possess nearly the same values 
of (n—1)u in the combined and free states, and the same may 
perhaps be said of H. Again, in contrast to this approximate 
inalterability of (n—1)u for these non-metals we have the 
fact, already pointed out, that the dynic equivalents of H, O, 
and N are much smaller in the free than the combined state. 
If, then, the dynic equivalents give a measure of the volumes 
of the atoms in both states, we must consider the volumes of 
free H, O, and N to be smaller than when they are combined, 
the change of volume corresponding to the change of energy 
on combination. If this is true, then the elasticity and density 
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of the non-metallic atoms (or the equivalents of these proper- 
ties in the electromagnetic or any other theory of light) are 
so related that although the density changes (N—1)U re- 
mains constant, whereas in the metallic atoms the relation 
between density and elasticity must be quite different, because, 
as we have seen, (N—1)U actually changes sign in some cases. 

It would be possible to determine approximate values for 
the dynic equivalents of the uncombined metals from Quincke’s 
data for the surface-tension of melted metals, and also to get 
some light on the constitution of salts from his measurements 
of the surface-tension of melted salts, but these would be 
most appropriately discussed in connexion with a general 
study of the elastic properties of solids. I-have, however, 
satisfied myself that the dynic equivalents of the uncombined 
metals are different from their values in the combined state. 

To show the existence of an intimate relation between dynic 
equivalents and chemical energy we can enumerate the follow- 
ing propositions :—-That in the great majority of inorganic 
compounds the evolution of heat accompanying the passage 
of an atom from the uncombined to the combined state is 
almost independent of the nature of the atoms it combines 
with, similarly the change of dynic equivalent of an atom on 
combination is almost independent of the nature of the atom 
it combines with ; that in organic compounds, with the excep- 
tion of the simpler typical forms, the same preposition as this 
applies both as regards heat and dynic equivalent. 

These general remarks are intended to indicate the most 
hopeful direction for the continuation of these researches to 
open up new fields ; and yet in old fields there is abundance 
of scope for the application cf the law of molecular force 
towards the acquisition of a knowledge of the structure of 
molecules, in the elasticity of solids, in the viscosity of gases 
and of liquids, in the kinetics of solutions, and many kindred 
subjects. 


Melbourne, February 1890. 


Discusston (October 28, 1892). 
The Discussion on Mr. Sutherland’s paper, “ The Laws of 
Molecular Force,’ was reopened by Prof. Perry reading a 
communication from the President, Prof. Fitzgerald. 
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He objected to discontinuous theories, especially when 
Clausius had given a continuous .ormula much more accurate 
over a very long range than Mr. Sutherland’s discontinuous 
one. The introduction of Brownian motions without care- 
fully estimating the rates required and energy represented, 
and without giving any dynamical explanation of their 
existence, was not satisfactory. It would, he said, be most 
interesting if Mr. Sutherland would calculate the law of 
variation of temperature with height of a column of con- 
vectionless gas, under conduction alone (for Maxwell thought 
the inverse fifth power law of molecular attraction was the 
only one that gave uniformity of temperature under these 
conditions), and, if necessary, make tests with solid bars. 
Referring to the statement that molecular attraction at 
1 cm. was comparable with gravitation at the same distance, 
he thought Mr. Boys would question this, and he suggested 
an experimentum crucis of the inverse fourth power law. 
Both the inverse fourth and inverse fifth power laws assumed 
symmetry which did not exist. He also took exception to 
other parts of the paper. 

Mr. 8. H. Burbury said that, on referring to the author’s 
original paper on which the present one was based, he found 
that uniform distribution of molecules was assumed. On 
this supposition the demonstrations given were quite correct, 
and the potential was a maximum. If, however, the mole- 
cules were in motion, the average potential must be less than 
the maximum, and the deductions in the present paper being 
based on wrong assumptions were liable to error. 

Prof. Ramsay remarked that many statements in the paper 
on the subject of critical points were very doubtful. Separate 
equations for the different states of matter were not satis- 
factory, neither was the artificial division of substances into 
five classes. The predicted differences in the critical points 
due to capillarity had not been found to exist. Speaking of 
the virial equation, he said that hitherto R had been taken as 
constant. Considerations he had recently made led him to 
believe that R was not constant. The whole question should 
be reconsidered, regarding Ras a variable. 

Mr. Macfarlane Gray said he had been working at subjects 
similar to those dealt with in Mr. Sutherland’s paper, but 
from an opposite point of view, no attraction being supposed 
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to exist between molecules. In the theoretical treatment of 
steam he found that no arbitrary constants were required, for 
all could be determined thermodynamically. The calculated 
results were in perfect accord with M. Cailletet’s exhaustive 
experiments except at very high pressures, and even here the 
theoretical volume was the mean between those obtained 
experimentally by Cailletet and Battelli respectively. 

Prof. Herschel pointed out that Villargeau had discussed 
the equation of the virial, where the chemical and mechanical 
energies were not supposed to balance each other. Mr. 
Sutherland’s paper all turns on the existence of such a balance, 
and he (Prof. Herschel) could not understand why this 
balancing was necessary. 


Remarks by Dr. GLADSTONE. 


I was naturally attracted to this elaborate and interesting 
paper by Mr. Sutherland’s frequent references to my refrac- 
tion work, and to the close relation which he sets forth 
between Dynic and Refraction Equivalents. Dr. Perkin and 
I had pointed out a similar relation between molecular 
refraction, dispersion, and magnetic rotation; and I was 
much interested in the prospect of a fourth series of analogous 
values. The four series are arranged in the following table 
on the same principle as in Mr. Sutherland’s Table XXVIIL., 
the value of CH, being taken as unity. 


Table of Relative Equivalents. 


= 


Dynice. Refraction. | Dispersion. ds sy 

1:00 1:00 1:00 1:00 
‘215 O17 0:12 0:25 
57 0-66 O77 0°50 
9 1:47 1:60 0:97 
6 0°37 0:29 0:26 
23 1:02 1:35 1:20 
35 1:33 1-13 10l 
2 2:0 28 0°84 
6 19 35 
3 1:3 15 eel 
6 20 36 35 
3 3:2 | 77 76 


—_—-—- 
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A glance at this table will show that there is a certain 
proportionality between the four columns, but with differences 
which are certainly beyond the limits of experimental error ; 
and the value of the figures is seriously impaired by the fact 
that while hydrogen is sometimes reckoned at 0°215 by what 
appear to be somewhat arbitrary assumptions, in others of 
his calculations Mr. Sutherland looks upon it as so small 
as to be entirely negligible. But in the case of the three 
optical properties, the analogy does not depend upon the pro- 
portionality of the numbers so much as upon the fact that 
the refraction, dispersion, or magnetic rotation of a compound 
is the sum of the refraction, dispersion, or magnetic rotation 
of its constituent atoms, modified to some extent by the way 
in which they are combined ; and the correspondence is so 
close in this respect that, in the words of Dr. Perkin and 
myself, ‘‘ we find that when a change occurs in the one property 
it is noticeable also in the other two, and these changes are in 
the same direction, though not to the same extent.” To 
take one instance out of many, the first and perhaps the 
second term of a homologous CH, series is found to be some- 
what out of range with the higher terms in respect of each 
of the optical properties. Now it would appear that this is 
also the case in respect of the Dynic equivalent. But the 
exaltation of effect produced by “double linking” of carbon 
atoms, which is so very marked in the case of refraction, 
and still more so in that of dispersion and magnetic 
rotation, is scarcely apparent in Mr. Sutherland’s Dynic 
equivalents, and he has entirely disregarded it in his calcu- 
lations. 

If we were to take M”/, instead of the Dynic equivalent 
which is deduced from it, we should get different values for 
each increment of CH, in a homologous series, increasing 
as the series ascends ; and the same would apply to other 
radicals. As we deal with the molecular weight M, and not 
the square of it, in determining the optical properties, it 
seemed worth while to reckon what constants we should 
obtain by the formula M/. When so reckoned, the value for 
CH, would appear to be the same throughout a homologous 
series, and also in different series. But it necessitates 
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starting each series of compounds with an initial constant 
H,, O"0, HCl, Cl, &e. ; and these constants are of high value. 
Dr. Perkin was led to adopt the same idea of initial constants 
in investigating the molecular magnetic rotation. By this 
method of calculation the effect of ‘“ double linking” and of 
“ying formation ” becomes very apparent; but it upsets 
all proportionality between the Dynic equivalents and the 
Optical equivalents both in regard to the substances given 
in the preceding table, and the metals contained in dissolved 
salts. 

Regarding the matter from this point of view, I am 
disposed to believe that Mr. Sutherland’s virial constant (/) 
does represent, more or less correctly, a real property of 
bodies, and that there is some relationship between it and 
the three optical properties. 

The speculations as to the volumes of the atoms and 
their relation to ionic speed are very suggestive, and Mr. 
Hibbert and I hope to make them the basis of some future 
investigation. 


Discussion on Mr. Sutherland’s Paper on the Laws of 
Molecular Force. By Sypnry Youne, D.Se. 


Mr. Sutherland’s calculations and speculations are based 
on his law of Force between two similar molecules, 

3Am?/74, 
together with Clausius’ equation of the virial, 
8 pu=Z4mV?—3.4>2Rr. 

Mr. Sutherland first discusses the law established by 
Amagat for gases and by Ramsay and Young for gases and 
liquids, that at constant volume Qp/QT is independent of 
temperature, or, generally, that it is a function of volume only. 
While admitting the truth of this law for elements and typical 
compounds such as methane, Mr. Sutherland thinks that for 
compounds in the liquid state Op/OT is slightly variable with 
the temperature; but Barus has shown that with several 
liquids, including ether, such variability only becomes evident 
at extremely high pressures. 
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Mr. Sutherland then points out that the equation of the 
virial may be written in the form 


pv=RTvf(v) + v¢(v), 
where v(v) stands for the internal virial term, which, ac- 
cording to the law of the inverse fourth power, should vary 
inversely as the volume, or 


v’$(v) ought to be constant. 


But in the case of ether v?¢(v) is not constant, but 
diminishes from a supposed limiting value at large volumes 
to about half this value near the critical volume, below which 
there is little change. Mr. Sutherland, however, adheres to 
his law of the inverse fourth power and attempts to explain 
the discrepancy by the formation of pairs of molecules at 
small volumes. 

A similar variability is to be noticed in the case of carbon 
dioxide, but with methane and nitrogen, and presumably the 
other elementary gases, v?f(v) is considered to be constant, 
and no pairing is therefore supposed to occur. It may be 
noticed, however, that the range of volume with carbon 
dioxide and nitrogen is small, and that in the latter case the 
values of v’$(v) are very irregular, while methane is a sub- 
stance that is very difficult to obtain in a state of perfect 
purity. 

Mr. Sutherland finds it necessary to divide substances into 
at least five classes :— 

1. Elements and typical compounds such as methane (no 
pairing of molecules). 

2. Ethylene (intermediate between 1 and 38). 

3. Ordinary compounds (molecules pair at small volumes). 

4, Alcohols and water (the pairs pair again). 

5. Dissociable substances such as nitrogen peroxide and 
acetic acid (chemical polymerization ; not considered). 

I will refer later to the nature of this “ pairing” of the 
molecules. 

Mr. Sutherland then discusses the two virial terms and, 
beginning with ether and carbon dioxide, shows that from 
large volumes to near the critical volume each term can be 
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represented by a comparatively simple formula, and from 
these he constructs the characteristic equations. or smaller 
volumes a different equation has to be employed, and a third 
or intermediate equation is also required. 

It is thus necessary to employ three or at least two cha- 
racteristic equations for each group of substances; and it 
may be noticed in passing that for ethylene, which is con- 
sidered to be intermediate between elements and compounds, 
an additional constant has to be introduced. It is also 
somewhat curious that while, with this substance, the pairing 
is only partial at the critical volume, it does not appear to 
proceed any further at smaller volumes. 

Formule are then given by which the critical temperatures, 
pressures, and volumes may be calculated from the constants 
employed in the characteristic equations, and a comparison 
between the observed and calculated values is given. For 
ethyl] oxide these are as follows :— 


Observed. Calculated. A 


Temperature . 194° 199° Dig 
irene 5 gy og well 29-1 2°2 metres. 
Volume... (3°7) 4:7 Ive. ¢. 


Mr. Sutherland seems to consider these differences of 
temperature and pressure (he does not discuss the errors in 
volume) as allowable, and here and elsewhere he speaks of an 
error of 10° or even 20° in the critical temperature as some- 
thing possible. He also states that capillarity must influence 
the results. Now this question of the accuracy attainable in 
the determination of the critical constants appears to me to 
be one of extreme importance, and I may perhaps refer to 
some recent work by Mr. G. L. Thomas and myself on the 
esters. Up to the present we have determined the critical 
constants of five of these bodies and we have in each case 
employed two different specimens, great care being of course 
taken in their purification. The greatest difference we have 
observed in the critical temperatures of the two samples of 
the same ester is 0°1° and the greatest difference in pressure 
is 80 millims. 
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In the case of ethyl acetate, tubes of different bore were 
employed in the two ES but no effect of capil- 
larity on the critical constants was observable. The actual 
results for ethyl acetate are :— 


Sample A. Sample B. 
Boiling point (mean) . . . 77°12 77°13 
Specific gravity at 0°. . . *92434 "92438 
Critical Temperature . . . 250° 1 2501 
Critical Pressure . . . 28866mm. 28891 mm. 
Internal diameter of a lo . 2°04 mm. 1:54 mm. 


I think, therefore, that the differences between the observed 
and calculated results in the case of ether are altogether 
outside the limits of experimental error, and that either the 
formula or the constants are not sufficiently satisfactory. 
With carbon dioxide the differences are much greater, 20° 
and nearly 20 metres pressure, and I am sure that M. 
Amagat would not admit any such errors. The critical 
volume is very much more difficult to determine directly ; 
but in a paper read before this Society about a year ago I 
showed how the relative critical volumes of different bodies 
could be ascertained from the data at lower temperatures, and 
I then thought that in a few cases the observed critical 
volumes might be taken as fairly accurate. 

Since then M. Mathias has shown that the method of 
MM. Cailletet and Mathias may be employed with great 
advantage for the determination of the critical densities of 
the substances referred to in my paper, and I have much 
pleasure in acknowledging the accuracy both of the method and 
of the densities (except, perhaps, in the case of the alcohols) 
calculated by M. Mathias. Further confirmation of the 
truth of the law on which the method of MM. Cailletet and 
Mathias is based has been afforded by M. Amagat with 
carbon dioxide, and by Mr. Thomas and myself with the five 
esters alluded to. 

In part (6) of his paper Mr. Sutherland discusses Van der 
Waals’ generalizations regarding corresponding temper atures, 
pressures, and volumes, and the results he arrives at are in 
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many respects identical with those which I described to the 
Society last year. As regards the vapour-pressures at cor- 
responding temperatures, we both conclude that for ordinary 
compounds the law can only be looked upon as a first 
approximation, but that when the alcohols are compared 
with other bodies it cannot be regarded as true at all. 

Mr. Sutherland does not, however, discuss the question of 
volumes at any length. 

The last point I wish to allude to is the nature of the sup- 
posed “pairing” of the molecules in ordinary compounds, 
but before doing so I must refer to the internal virial 
constant J. Mr. Sutherland shows that this constant may be 
calculated by five more or less independent methods, and 
that in the few cases where comparison is possible these 
different methods give fairly concordant results. He then 
attempts to show that /, or rather M?/ (M being the mole- 
cular weight), depends on the composition of the compound 
and may be calculated by means of what he calls the dynic 
equivalents, S, of which the relation to M*/ is given by the 
equation 


M?/=68 +668”. 


Mr. Sutherland gives values of § for several elements and 
groups. By adding together the values of S for the atoms or 
groups of atoms in the formula, the dynic equivalent of the 
compound is obtained, and from this the value of M?/ and 
of / may be calculated, for 


1=(68 +:6682)/M2. 


Mr. Sutherland then points out that if in course of com- 
pression a true chemical polymer is formed by the pairing of 
molecules, the new value of J should be 


= (68/2 + °6687)/M?, 
or J is greater than 3 J. 
But in the characteristic equation for compounds the 


virial constant changes from the limiting value ae or 
U Uv 


l'=11; hence Mr. Sutherland concludes that the pairing in 


} 
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the case of ordinary compounds is not chemical pairing, but 
he calls it—for the sake of distinction—* physical pairing,” 
and he says “the term :66S? would then appear to have a 
certain chemical significance.” 

It is, however, surely remarkable that the “ physical puir- 
ing” should produce a greater effect on the characteristic 
efeation than true chemical pairing, although it has been 
shown by Dr. Ramsay and myself (Phil. Mag. Aug. 1887, 
p- 201) that when chemical pairing does take placer as ae 
nitrogen peroxide and acetic acid, the value of Op/dT at 
bokectant volume is no longer Mae piled of the temperature. 

If Mr. Sutherland’s cans are correct, we appear to have 
several different kinds of pairing of molecules :— 

1. Chemical pairing, as with nitrogen peroxide, causing 
the isochors, or lines of constant volume, to be curved. 

2. Physical pairing, with no influence on the isochors, but 
more influence on the internal virial term than chemical 
pairing. 

3. Weaker physical pairing of the physical pairs, as in the 
ease of the alcohols. This has not been further studied, but 
Mr. Sutherland in part (3) of his paper expresses a doubt 
whether Qp/OT is really independent of temperature in the 
case of the alcohols. _ If, however, this were so, it would 
appear to follow that curvature of the isochors is caused by 
true chemical pairing and by weak physical pairing, but not 
by strong physical pairing. 

Mr. Sutherland does not, so far as I can make out, offer 
any suggestion as to the ae nature of this physical pairing, 
and the idea appears to me to be somewhat speculative and 
to require further elucidation. 


Taz 
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V. On the Determination of the Critical Density. By SYDNEY 
Youn, D.Sc. and G. L. Tomas, B.Sc., University 
College, Bristol*. 


/ Ir has been shown by M. HE. Mathias (Compt. Rend. cxv. 
\__p. 85) that the method of determining the Critical Density 


proposed by MM. Cailletet and Mathias (Compt. Rend. 
cii. p. 1202, civ. p. 1563) gives good results in a con- 
siderable number of cases. We have recently investigated 
some of the thermal properties of five of the lower esters, 
and find that these substances afford further proof of the 
truth of the “Law of the Diameter” described by these 
authors. We therefore think it may be well to give the 
data illustrating this law, without waiting for the com- 
pletion of the work on the remaining esters. 

The law of the diameter may be briefly explained as 
follows :—It is well known that if the densities of any sub- 
stance, both as liquid and as saturated vapour, be mapped as 
ordinates against the temperatures as abscissee, they fall on 
a continuous curve which passes through the critical point. 
This curve possesses, according to MM. Cailletet and Mathias, 
the characteristic property that the locus of the middle points 
of chords parallel to the axis of ordinates is a straight line. 
If this is so, it follows that the ordinate of the point on the 
diameter corresponding to the critical emperature gives the 
critical density. 

That the law holds very closely for the esters so far in- 
vestigated is shown by the results tabulated below. The 
densities of each substance, both in the state of liquid and 
of saturated vapour, together with the means of these values, 
are given for a series of temperatures. The mean densities, 
calculated from the formula D=A+at (D=density; t= 
temperature Centigrade; A and @ constants depending on 
the substance) are given in the fifth column, and the dif- 
ferences between these and the observed results in the last 
column. 


* Read October 28, 1892. 
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Densities. 
Temp. Observed. 
Cale. 
IN cage: Ax 1000. 
Liquid. | Sat. Vap. | Mean. 

40° 0 ‘9447 0031 4739 ‘4739 0 
60 9133 0060 4596 ‘4596 0 
80 8803 ‘0105 4454 4453 —1 
100 8452 ‘0171 4311 4310 — | 
120 8070 0268 ‘4169 4167 — 2 
140 -7638 0412 *4025 4023 — 2 
160 ‘7136 0623 3880 3880 0 
180 6521 0943 3732 87387 +5 
190 6148 1178 3663 3666 + 3 
200 "5658 *1524 *B591 *BD94 +3 
206 5242 1862 8552 38552 0 
210 “4857 2188 8522 8523 +1 
212 4549 ‘2451 *8500 *B508 + 8 
213 4328 2681 “8504 3501 — 38 
213°5 4157 "2865 3511 3497 —14 

(Geitieal pole alsccm of) <eeaee® ° || 4. does 3494 

Methyl Acetate. 

60° O ‘8801 | 0031 4416 | +4425 +9 
80 *8520 0056 4288 4291 + 3 
100 +8222 0097 -4160 4156 — 4 
120 7893 ‘0158 4026 4021 — 5 
140 7533 0246 8890 3887 -3 
160 ‘71383 0373 3753 3751 — 2 
180 ‘6671 ‘0568 3620 3617 —3 
200 “6100 0866 3483 8482 ae || 
210 ‘HTA1 “1090 8416 3414 — 2 
220 5281 1415 3848 8347 —-] 
227 ‘4818 1775 8296 8300 + 4 
230 4527 -203U0 3278 +3280 + 2 
232 4296 2295 ‘3260 3266 + 6 
233 3995 2520 8257 ihe + 2 

"3200 
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Hthyl Formate. 
Densities. 
1 Observed. 
Bore: Cale. F-41000. 
3 ean. 
Liquid. | Sat. Vap. | Mean. 
60° C. 8689 0084 4362 4369 + 7 
80 8410 0061 4236 4239 + 3 
100 8112 70108 ‘4108 4102 — 6 
120 “T1796 0166 “3981 “3980 1 
140 ‘7448 0256 8852 “3850 — 2 
160 ‘7058 | 0388 3723 8720 — 3 
180 ‘6610 | ‘0575 “8592 8591 — 1 
200 ‘6067 =| ~3=:0862 “3-464 3461 — 3 
210 ‘5724 | +1075 3400 3396 4 
220 5290 1880 3385 3801 —4 
225 5014 1585 3300 38299 -— 1 
230. 4635 1890 3262 3266 +4 
233 4281 2198 3240 3247 + 7 
234 4117 2353 3235 3240 + 5 
(Exitical) P235:39 sli Cotte Gul 2eeeeeh ole emer “O282 
Ethyl Acetate. 
20°C. | 8245 0085 | “4140 .| 4144 + 4 
100 “7972 0062 | «4017 4019 + 2 
120 ‘7683 01038 8893 8894 +] 
140 7318 ‘0165 S771 3769 — 2 
160 7088 ‘0258 3645 3644 — 1 
180 6653 0388 0520 3519 — 1 
200 6210 “0580 *B895 8394 — 1 
220 “D648 ‘0891 3270 3269 — 1 
230 6281 1130 3206 3206 0 
240 “4778 1500 "313 3144 +5 
245 4401 “1800 ‘3106 O1038 — 3 
247 "4195 “1995 8095 3100 + 5 
249 8893 2290 3091 8088 — 3 
(Critical) S25 021250 s|Peita eed eee ce eeere “0081 
Methyl Propionate. 
80° C. 8408 0082 4220 “4224 + 4 
100 8137 0087 4097 °4100 +38 
120 7852 0096 ‘B974 3976 + 2 
140 "7553 0158 “383 3852 — 1 
160 7222 0235 8728 “B127 — 1 
180 6841 0855 3598 83603 ae © 
200 6445 *Ob24 3484 "8479 — 5 
220 5938 ‘0781 8360 3355 — 5 
230 5635 0966 *33800 3293 -— 7 
240 5220 1240 3230 8231 +1 
245 4975 1415 8195 38200 + 5 
250 4655 ‘1675 3165 3169 + 4 
258 ‘4401 1890 3145 "3150 at 5 ; 
255 “4151 2120 3136 3138 + 2 
256 38977 "2295 3136 "8131 =o j 
(Oriticall) 25 7°45 si|e0) 5. eet ae ete | 38123 | 
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The constants for the formula D=A+ et are :-— 


Substance. A. a. 
Methyl Formate . . . °5025 —'0007155 
Methyl Acetate . . . -4839  —-0006740 
Hthyl Formate . . . °4759 — 0006490 
Hthyl Acetate. . . . °4644 —°0006250 
Methyl Propionate . . ‘4721 — ‘0006210 


The critical densities of the five esters, obtained by the 
method of diameters, are :— 


Methyl Formate -. . . . . 3494 
Methyl Acetate... 4-5 ts... B255 
ithydPermate 5 foi feo O82 
Ethy-Acetate, 5... + +, *B081 
Methyl Propionate. . . . . °3123 


From the differences between the observed and calculated 
mean densities it may be concluded that, though there may 
be in some cases a slight indication of curvature, it is far too 
small to affect the determination of the critical densities of 
these substances. 


VI. On the Determination of the Critical Volume. 
By Sypney Youne, D.Sc., University College, Bristol*. 


AxouT a year ago I read a paper before the Physical Society t 
on the “Generalizations of Van der Waals regarding Cor- 
responding Temperatures, Pressures, and Volumes ;” and at 
the close of the paper, after calling attention to the extreme 
difficulty attending the determination of the critical volume, 
I described a method by which the relative critical volumes 
of various substances could be ascertained. At that time it 
appeared to me that the direct determinations of the critical 
volumes of benzene, fluorbenzene, chlorobenzene, and acetic 
acid were probably approximately correct; and I was supported 
in this view by the fact that the ratios of the observed volumes 


* Read October 28, 1892. 
{ Proc. Physical Soc. vol. xi. p, 233, 
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to that of fluorbenzene were practically identical with the 
ratios obtained by the graphical method then described. 

I therefore assumed that the observed critical molecular 
volume of fluorbenzene was correct, and calculated the 
volumes of the other substances from their ratios to that 
of fluorbenzene, and gave these values as the probable 
critical molecular volumes of the other eleven substances. 
It was observed, however, that the critical volumes of the three 
alcohols and of ether obtained by this method were consider- 
ably lower than those previously deduced by Dr. Ramsay and 
myself, and were also lower than those calculated by M. Guye 
(Compt. Rend. cxii. p. 1257). Finally, I pointed out that if 
these values are taken as correct it would appear that the 
ratio of the actual critical density to the theoretical (for 
a “ perfect’ gas) is for many substances about 4:4, 

Since then, M. E. Mathias has shown (Compt. Rend. cxv. 
p- 35) that the critical densities of the substances referred to 
in my paper may be determined by the method described 
by MM. Cailletet and Mathias (Compt. Rend. cii. p. 1202, 
civ. p. 1563). The method has also been found by 
M. Amagat to give excellent results with carbon dioxide, 
and by Mr. G. L. Thomas and myself with five of the lower 
esters; and I have therefore much pleasure in acknow- 
ledging the correctness both of the method (except, perhaps, 
in the case of the alcohols) and of the critical densities cal- 
culated by M. Mathias, and I have no hesitation in accepting 
these values in place of those previously adopted. 

I have myself made an independent calculation of the 
critical densities of the twelve substances by this method, 
and the results 1 have obtained are practically identical 
(except in the case of the alcohols) with those given by 
M. Mathias. 

The law of MM. Cailletet and Mathias may be described 
very briefly as follows :—The means of the densities of any 
substance in the state of liquid and of saturated vapour, when 
mapped against the temperature, fall on a straight line. 
I quite agree with M. Mathias that in the great majority 
of cases the verification of, the law is perfect ; but with the 
three alcohols, especially methyl alcohol, there appears to me 
to be very decided curvature, too pronounced to be neglected, 
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and I| think it must be admitted that these substances behave 
exceptionally in this as in many other respects. 

M. Mathias admits that at low temperatures the alcohols 
cease to follow the law ; but he is satisfied with the agree- 
ment between the observed and calculated mean densities for 
a range of 200° from the critical point. The constants 
employed by M. Mathias for ethyl alcohol can be ascertained 
from his paper, and I give below the mean densities cal- 
culated from these constants, together with those calculated 
from the observed molecular volumes given in my paper 
(loc. cit.). 

The constants for the formula D=A-+at are :— 
A='4149, a=—-0005576, t=temperature (Centigrade). 


Means of Densities of Liquid and Saturated Vapour. 


A ae | Observed. | Calculated. Ax 1000. 
22:4 3937 “4024 +87 
39°45 “3865 "3929 +64 
69°75 “3749 "3782 +33 
89°7 "3636 3649 +16 

105°55 *3560 3560 i) 
128°1 "3442 3435 -7 
144:°65 3350 "3342 - 8 
151°65 “3309 ‘3303 — 6 
163°8 ‘3240 3235 | — 4 
187-9 “3104 3101 — 3 
206'35 “2998 "2998 0 
221°35 *2899 ‘2915 +16 
229°2 2850 ‘2871 +21 
2343 2811 2843 +82 
2389 2781 ‘2817 +36 
BAS ITER We es. ce "2793 


From the above differences it will, I think, be concluded 
that there is considerable curvature of the “ diameter ” in the 
case of ethyl alcohol, and with methyl] alcohol it would be still 
more marked. 

I now give a revised table of the critical densities and 
volumes of the twelve substances, adding, for the sake of 
convenience, the critical temperatures and pressures. The 
critical densities are those calculated by M. Mathias ; but in 
the case of the alcohols I give’also the values which I have 
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obtained by the same method, taking into account the cur- 
vature of the “diameter.” The critical volumes of a gram 
and molecular volumes are calculated from the densities. 
The last two columns contain the ratios of the new critical 
molecular volumes to that of fluorbenzene, together with the 
ratios given on p. 184 of my previous paper and obtained by 
the graphical method there described. It will be seen that 
these ratios show satisfactory agreement. 

As regards the alcohols it will be noticed that, if the cur- 
vature of the diameter is taken into account, the critical 
densities are lower and the volumes higher ; also that the 
ratios of the critical molecular volumes to that of fluor- 
benzene agree better with those obtained by the graphical 
method. 

It may be pointed out that if the generalizations of Van 
der Waals were strictly true, the angular coefficients («) of 
the diameters of different substances should be directly pro- 
portional to their critical densities and inversely proportional 
to their absolute critical temperatures, or that for any sub- 
stance 


D a 
a=const. X Ti or TP = const. 


I have calculated the values of this “ constant” for the 
substances mentioned in this paper (with the exception of 
methyl and propyl alcohol) and for the five esters studied by 
Mr. G. L. Thomas and myself. 


Substance. a Substance. 7 Substance. 2S 
Fluorbenzene -932  CarbonTetrachloride -899 Methyl Formate... +997 
Chlorobenzene ‘953 Stannic Chloride .. ‘988 Methyl Acetate ... 1:047 
Bromobenzene ‘957 ther .....0.......s000 ‘972 Ethyl Formate ... 1061 
Iodobenzene “957 Acetic Acid............ ‘993  Hthyl Acetate...... 1-035 
Benzene ...... ‘921 Ethyl Alcohol* ...... 1030 Methyl Propionate 1-021 


It can hardly be said that there is more than a rough 
Z T 
approximation to constancy in the values of — 
I have recalculated the ratios of the actual to the theoretical 
critical densities, and the results are given in the following 
table :-— 


* M. Mathias’ value of a. 
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Fluorbenzene ...... 3°79 Stannic Chloride.... 3°75 
Chlorobenzene .... 38°78 theraagertsk tte 3°82 
Bromobenzene .... 381 Methyl Alcohol .... 4°52 
Iodobenzene ...... 3°79 Ethyl Alcohol...... 4:02 
Benzene x. eas nae eis 3°71 Propyl Alcohol .... 4°02 
Carbon Tetrachloride. 3°66 Aceti@r Acid) crre.s «ars 5:00 


The first eight numbers agree fairly well; and it may be 
stated that for many substances the ratio of the actual eritical 
density to the theoretical density (for a perfect gas) is about 3°8. 
The alcohols, notably methyl alcohol, and acetic acid, form 
exceptions to this law, and in the case of the esters the ratios 
(3°89 to 3°95) are rather high. 


VII. On the Boiling-points of different Liquids at Equal 
Pressures. By Sypyuy Youne, D.Sc., Professor of Chem- 
istry, University College, Bristol*. 

Harzy in the present year, M. E. Colot (Compt. Rend. 

exiv. p. 653) described a relation between the boiling- 

points of any two liquids under equal pressures, which may 
be shortly described as follows. 

If ¢ and @ are the temperatures of the two substances at 
any pressure, then 

t=AO+B, 

where A and B are constants depending on the nature of the 

liquids. 

The constants given by M. Colot refer to Centigrade tem- 
peratures, but for the purpose of this paper it is better to 
employ absolute temperatures. In this case A remains un- 
altered, but B has a different value. 

There are certain cases in which B=0O (for absolute 
temperatures), and the equation then becomes 


t=A8O or =A. 


This is identical with the equation given by Dr. Ramsay 
and myself (Phil. Mag. Jan. 1886, p. 33) for certain closely 
related substances such as ethy] chloride and bromide or chloro- 
benzene and bromobenzene, and I have shown that it holds 
good for the four halogen derivatives of benzene. 


* Read October 28, 1892. 
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For bodies which are not closely related we proposed an 

equation which may be written 

R=R) + ct, 
where R is the ratio of the absolute temperatures of the two 
substances at any pressure p, Ry is the ratio at such a pressure 
that the temperature of the second liquid =0° C., and ¢ is 
the Centigrade temperature of the same liquid at the pressure p. 

The second terms of the two formule (B in that of M. Colot 
and ct in the one just mentioned) are not equivalent, but they 
both serve to bring the calculated results pretty well within 
the limits of experimental error, though not in all cases for 
an indefinite range of pressure. 

I have calculated the constants for both formule for eleven 
pairs of liquids of which the boiling-points, at a number of 
equal pressures, are given in Table I. 

The constants for the eleven pairs of substances are given 
in Table II. 

It will be noticed that the constants B and c are always of 
opposite sign, and that as regards magnitude they both fall, 
with one exception, in the same order. 

In Table III. I have given the differences between the 
calculated and observed temperatures for each pair of liquids 
and for both formule. I have in each case taken the greatest 
available range of pressure to make the test as searching as 
possible. 

It will be seen that when the constants B or ¢ are very 
small, both formule give good results, and either of them 
may be employed for a very wide range of pressure. For 
the equation R=R,)+ct the agreement is good in the case of 
methyl acetate and benzene, although ¢ has a comparatively 
high value, but when one of the two liquids is water, an 
alcohol, or acetic acid, the differences are decidedly greater. 

The applicability of the formula t= A0@ + B seems to depend 
more directly on the magnitude of the constant B; there is, 
indeed, a rough proportionality between the constants and the 
mean differences given at the foot of Table III. It is quite 
clear that in the last five cases the relation between the 
boiling-points is represented by a curve and not a straight 
line, and a slight tendency to curvature is noticeable even in 
some of the other comparisons. 
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It is obvious, however, that by taking a smaller range of 
pressure—say from the lowest to 2000 millim., or from 4000 
millim. to the highest pressure, and by altering the constants, 
a very much better agreement would be obtained. EHxtra~- 
polation beyond the limits of pressure chosen would, how- 
ever, introduce very large errors indeed. 

-In conclusion it may, I think, be stated that in a great 
number of cases, including pairs of widely different bodies, 
the formula of Ramsay and Young gives better results than 
that of M. Colot; the latter, which is very convenient, may, 
however, be employed, even for very wide ranges of pressure, 
when the constant B is small, and for small ranges of pressure 
when B is large. 


VIII. Separation and Striation of Rarefied Gases under the 
Influence of the Electric Discharge. By H.C. C. Bary*. 


Some time ago, on examining with a spectroscope a vacuum- 
tube which happened to contain a small quantity of hydrogen, 
during the passage of the electric spark I noticed that the 
hydrogen lines, while strongly visible in the negative glow, 
could not be seen in the body of the tube. The hydrogen 
appeared to be, in fact, withdrawn from the tube and collected 
about the negative pole. Finding the same result in a tube 
which I fitted up for the purpose, it appeared to me to point 
to a separation of the gases in the tube ; and I determined to 
make a series of experiments with a view to investigating the 
matter and the behaviour generally of different gases under 
similar conditions. 

The tubes I employed were about 9 inches long and # inch 
internal bore. The electrodes were of aluminium wire, and, 
except in certain cases to which I shall refer, about 13 inch 
in length. Two of these tubes were connected to the pump 
at the same time, one direct and the other through tubes for 
the absorption of mercury vapour ; so that in all the expe- 
riments results were obtained in the presence and in the 
absence of mercury vapour. Gas-generators, fitted with 


* Read February 10, 1893. 
VOL. XII. M 
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purifying and drying apparatus, were connected so as to 
allow of varying quantities of the particular gases under ex- 
amination being admitted to the tubes as might be required. 
The pump, [ may mention, was a modified form of the 
Geissler mercury-pump, to which I was able to attach an 
automatic apparatus for working it—a very great saving of 
labour. Measurements of the vacua were obtained by means 
of an ordinary barometer-gauge, and varied from 15 millim. 
to ¢ millim. 

I first worked with varying quantities of carbon dioxide 
and hydrogen. On using certain mixtures of these gases 
exhausted to about 3 millim., when the current was first passed 
a white glow appeared throughout the tube, no striz being 
visible, giving a mixed spectrum of the two gases. After a 
few seconds the negative glow changed to a pink colour, and 
well-defined striz, whiter than the preceding glow, began to 
appear. On watching this change with the spectroscope, 
the hydrogen lines in the tube were seen to become fainter 
and gradually to disappear, leaving only the spectrum of 
carbon dioxide, while those in the negative 
glow became extremely brilliant. The cur- 
rent was then stopped, and the tube allowed 
to rest for about an hour, when, the current 
being passed again, the same phenomenon 
precisely occurred. Judging that if this 
were caused by actual separation of the 
two gases, it ought to be possible to frac- 
tionate out the hydrogen into another 
tube, I endeavoured for a long time un- 
successfully to do so; but at length suc- 
ceeded by using a double tube of the shape 
shown in the figure. The longer of the tubes 
consisted of two chambers joined by capillary 
tubing, the smaller tube being connected 
to one of these by a narrow neck capable 
of being sealed off. Both tubes were 
furnished with electrodes. One of those 
in the large _tube was sufficiently long to project through 
the capillary into the second chamber, and being connected 
at its base to the sealed platinum by a weak spiral wire 
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could be dropped sufficiently far to touch the opposite elec- 
trode. This rod was made of copper, as being heavier than 
aluminium. It fitted the capillary fairly well, and was 
furnished with small stops of cotton-wool in order to close 
the capillary, and thus prevent as much as possible the 
diffusion of the gases. The tube, after being filled with 
the gases carbon dioxide and hydrogen, was exhausted and 
sealed from the pump. The copper rod was caused to touch 
the opposite electrode, and the current was passed so as to 
make the whole of the long tube the negative pole and the 
electrode at the lower end of the smaller tube the positive. 
The current was continued for a considerable time, when the 
connecting-neck between the tubes was sealed off and the 
copper rod shaken back to the stop. On comparing the 
spectra of the two tubes, it was found that the small tube 
(containing the positive pole) showed only a trace of hy- 
drogen, while the other showed it brilliantly. 

This, I think, may be considered a proof of an actual 
though not complete separation of the two gases. 

I then tried hydrogen mixed with many other gases— 
amongst them nitrogen, carbon monoxide, sulphur dioxide, 
iodine, and mereury vapour; and in every case, without 
exception, I found that the hydrogen was collected about the 
negative pole in exactly the same manner as I have par- 
ticularized. 

I proceeded to examine mixtures of other gases. With 
carbon monoxide and carbon dioxide, the carbon monoxide is 
separated out and appears in the negative glow. With 
carbon dioxide and nitrogen the carbon dioxide is separated 
out, while the nitrogen remains in the tube, the separation 
being remarkably distinct. In this case it is the heavier gas 
which is separated out; and the same is found with carbon 
dioxide and sulphur dioxide, the sulphur dioxide appearing in 
the negative glow. 

It would thus appear that the separation of two gases does 
not depend on their relative molecular weights. On ex- 
amining a tube of air, however, the components of which are 
of fairly equal molecular weight, a separation was found to be 
very difficult, and only occurred after carrying the exhaustion 


toa much higher point than was usually necessary. The 
M 2 
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nitrogen remained in the tube, and the negative glow gave a 
spectrum presumably oxygen; I say presumably, for I am 
unable to see what else it can be. 1 was unable to produce 
the same spectrum ina tube with oxygen, but I was prevented 
from proceeding further. The spectra of oxygen Professor 
Schiister has shown to be very varied under different con- 
ditions. Is it not possible that the two spectra in an oxygen 
tube, the banded one in the negative glow, and the bright- 
line one in the rest of the tube, may be due to separation of 
two gases ? 

From these experiments it is evident that when the elec- 
tric current is passed through a rarefied mixture of two gases, 
a process similar to electrolysis is set up, one of the gases 
being separated out and collected about the negative pole, the 
other gas remaining in the tube; the proof being that the gas 
separated out may be fractionated into another tube by the 
method J have above described. In pursuing these experi- 
ments I was struck by the apparent close connexion between 
separation and striation ; that is to say, I found strongly 
marked strize when there was good separation, and feeble strize 
when the separation was difficult; I also found that the first 
appearances of these phenomena were coincident, the forma- 
tion of striz being always the sign of the commencement of 
separation. There were no exceptions to this, the action in 
all the tubes I made being the same. 

It was evident to me that, if the connexion were real and 
the separation of the gases could in some way be prevented, 
by avoiding the negative glow, strie would not be formed. 
I accordingly made a tube the negative pole of which did not 
protrude from the little glass collar in which it was placed, 
the positive electrode being made as usual. The tube was 
filled with a mixture of hydrogen and carbon dioxide and 
exhausted. At a pressure of 24 millim. the current was 
passed ; instead of a negative glow appeared a little bunch of 
light about } inch below the negative point. If this bunch of 
light impinged on the side of the tube, the glass became strongly 
phosphorescent. At 4 millim. there was no bunch of light or 
negative glow; there was no sign of any striz, the tube 
giving a spectrum of hydrogen and carbon dioxide, and no 
evidence of separation. I then reversed the current ; imme- 
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diately striz formed, separation began and became well- 
marked. 

I tried various mixtures of gases and always obtained the 
same result, viz., that when the negative glow was avoided by 
the use of the minute electrode point, neither strie nor sepa- 
ration occurred, but in reversal of the current strongly 
marked striz and good separation. 

My next step was to experiment with a pure vapour, 
which, if my contention be correct, should not striate. It is 
known that a tube of pure mercury vapour does not stratify. 
I prepared a tube for the purpose, one end of which was con- 
nected with the pump and the other with a bulb containing 
mercury. After exhaustion, I strongly heated the tube and 
boiled the mercury, which thus distilled through the tube. 
On passing the current, as I expected, no strive appeared, 
but simply a beautiful phosphorescence throughout the tube, 
giving aspectrum of pure mercury only. On ceasing to boil 
the mercury and allowing the tube to cool, a small quantity of 
other gas was necessarily drawn in from the pump. Immedi- 
ately strize began to appear, beginning at the end of the tube 
connected with the pump; the negative glow changed at the 
same time and gave a spectrum containing other lines in 
addition to those of mercury, thus strongly confirming my 
previous conclusion. 

Thinking that possibly the absence of strize might arise, 
not from the purity of the mercury vapour, but from its 
molecules being monatomic, I repeated the experiment with 
pure vapours of iodine, sulphur, arsenic, and mercuric iodide, 
which are not monatomic. The result was in each case pre- 
cisely the same—the tube while heated showing no striz, but 
on cooling both strize and separation. 

Wishing if possible to obtain a pure gas which did not 
stratify at ordinary temperatures, | made many attempts to 
prepare a tube of pure hydrogen. The nearest approach to 
success was with hydrogen prepared from pure caustic potash 
and aluminium. The gas was then absorbed by red-hot 
palladium, which was re-heated in the vacuum. On passing 
the current, the tube showed an even phosphorescent light 
throughout, with a very faint line of the most delicate striz, 
very difficult to distinguish. he strive did not become any 
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plainer on carrying the exhaustion to a considerably higher 
point. I think it may be safely assumed that a tube of per- 
fectly pure hydrogen would not striate at all. 

From the foregoing results I think the following conclusions 
may be drawn :— 

First, that when an electric current is passed through a 
rarefied mixture of two gases, one is separated from the other 
and appears in the negative glow. 

Second, that strize are caused by the separation of the two 
gases, and do not occur in a single pure gas or vapour. 


Discussion. 


Mr. Crookes said :— 

In my Inaugural Address delivered before the Institution of 
Electrical Engineers on January 15th, 1891, I showed some 
experiments and gave reasons which had led me to believe 
that the stratifications seen when a high-tension current is 
passed through a rarefied gas were due to the gas not being 
homogeneous. I took the case of hydrogen in a vacuum-tube 
at a pressure of ? millim. The gas was prepared from zinc 
and sulphuric acid, and was purified and dried in the usual 
manner, but with no special precautions against impurities. 
The exhaustion was effected with a mercury pump, thus 
leaving mercury vapour in the residual hydrogen. 

The stratifications are tri-coloured—blue, pink, and grey. 
Next the negative pole is a luminous layer ; then comes a 
dark interval, or Faraday’s dark space ; and after this are the 
stratifications, the front component of each group blue, the next 
pink, and the third grey. The blue discs are somewhat erratic. 
Ata certain stage of exhaustion all the blue components of 
the stratification suddenly migrate to the front, forming one 
bright blue disc, and leaving the pink and grey components 
by themselves. When the tube contains a compound gaseous 
residue of this kind, the form of stratifications can be very 
considerably altered by varying the potential of the discharge. 

.... That the alteration depends simply on the difference 
of potential, the following experiment pretty clearly shows:— 
Take a tube giving on the coil the coloured stratifications 
usually attributed to the presence of residual hydrogen, but 
which I find is due to a mature of hydrogen, mercury, and 
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hydrocarbon vapours. Then, by altering the break so as to 
produce frequent discharges of lower potential, the stratifi- 
cations gradually change in shape and become all pink ; 
again, altering the break, so as to send less rapid discharges 
at a much higher potential, once more we get the coloured 
_stratifications. When in this state, if we introduce a water 
resistance into the circuit, so as to damp down the potential, 
exactly the same thing happens. The blue disk is caused by 
mercury ; its spectrum is that of mercury only, without even 
a trace of the bright red line of hydrogen, Experiments 
not yet finished make it very probable that the pink discs 
are due to hydrogen, and that the grey dises indicate carbon. 
The tube contains nothing but hydrogen, mercury, and a 
minute trace of carbon; but with all the resources at my 
command I have not been able to get hydrogen quite free 
from impurity. Indeed I do not think absolutely pure 
hydrogen has ever yet been obtained in a vacuum-tube. I 
have so far succeeded as to completely eliminate the mercury, 
and almost completely to remove the trace of carbon. 


IX. Notes on some Recent Determinations of Molecular Re- 
fraction and Dispersion. By J. H. Guavsronz, D.Sc., 


aS. 


Amone the various indices of refraction which have been 
published by different observers of late years, there are some 
which have led me to further studies bearing on the general 
relation of this branch of Physics to Chemical theory. The 
following notes relate to the new metallic carbonyls, the 
metals indium and gallium, sulphur, and to liquefied oxygen, 
nitrous oxide, and ethylene. 


I, Merauytic CARBONYLS. 


Messrs. Ludwig Mond and Nasini t determined the mole- 
eular refraction of nickel tetracarbonyl for the red ray of 


* Read February 10, 1893. 
+ Lincei, Rendiconti, vii. 411. 
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hydrogen (H,) as 57:7, and the specific dispersion between 
the lines y and a of hydrogen as 0:03475, which will give a 
molecular dispersion between those limits of 5°93. This 
indicates a very great refraction and an enormous dis- 
persion. 

Through the kindness of Mr. Mond I have been able to 
determine the refraction of two specimens of iron penta- 
carbonyl for several lines of the spectrum, with the following 
result. The second and third lines in the Table relate to the 
same specimen, the latter representing measurements taken 
in a very acute-angled prism, and under the most favourable 
circumstances for seeing the more refractive rays; nevertheless 
the spectrum was cut off so suddenly about the bundle of 
rays at G that I cannot be sure of the exact measurement, 
but think it differs little from the line y of hydrogen. 


Speci- | Temp. Sp. Gr 


men. | O. Ma Pate te Ul ep, Meme a emma: 


I....| 23 1-460 | 15026) 1-5076| 1:5096) 1:5180) 15289 
II. ...) 15:5 | 14705) 15063} 15117) 1-5146| 1-5224) 1-5329} 


II. ...| 13:4 | 1474 | 15071)... .. | 152380) ... | 1:5446) 1-5650 


From these observations we obtain the following molecular 


refraction, Baaep =R. 


d 
Speci- | 
oe Ry. RB, R... R,: BR. R. R. 
Vis pe0o08 6747 | 6814 | 6841 | 6954 | 71:00 
at I poccee 67°48 | 6820 | 6859 | 69:63 | 71:03 
TM pence 67:43 ac dae 69:54 soe 72°42 | 75:13 


It is evident that in the iron compound also the refraction 
and dispersion are very great. The molecular refraction 
for the line a of hydrogen may be assumed at 68:5, and the 
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molecular dispersion between the lines y and a of hydrogen 
at 6°6. If we reckon for the lines A and H, we may assume 
H would be about 78:0, which would give a molecular dis- 
persion between these limits of about 10°5. 

In discussing their observations, Messrs. Mond and Nasini, 
assuming that CO has a molecular refraction of 8°4, reckoned 
the atomic refraction of nickel at 24:1, instead of 9°9, which 
I had assigned to this element in solutions of its salts, and 
which subsequently has been fairly corroborated by Nasini’s 
own experiments. This difference they attributed to a dif- 
ference of valency in the metal. By parity of reasoning the 
atomic refraction of iron for the line C would be 26°5, or 
25°5 for the line A, instead of 11:6 previously determined for 
bivalent iron from solutions of its salts. 

But this involves the assumption that CO in these carbonyls 
has the same value as we should expect to find in an organic 
substance. It also assumes that the nickel has 8 valencies, 
while the iron has 10, in the above-named compounds, and 


that iron has presumably § in diferrohepta-carbony!; and that 


potassium in its compounds with CO has still other valencies. 
There isalso another difficulty; for if we determine the atomic 
dispersion of nickel and iron on the same principle, it will 
be found to be 4°8 and 5:2 respectively for the interval 
between the lines y and a*; these numbers are about one fifth 
of the atomic refraction of the two metals given above, viz., 
24°1 and 26°5. But the ratio between the atomic dispersion 
(y—a) and the refraction of the most dispersive elements 
hitherto calculated, sulphur and phosphorus, is only about 
one tenth. 

It seems more probable that the metals really retain their 
ordinary valency, and that the excessive refraction and dis- 
persion is to be sought rather in the peculiar arrangement of 
the CO. In such compounds we may imagine the CO 
playing a part similar to that of the CH, in ordinary organic 
compounds, which may be increased or diminished in number 
without altering the general type of the substance. In fact 
I accept on optical grounds as well as chemical, the ring- 
formule indicated in Mond’s lecture at the Royal Institution. 


* Proc. R.S. xlii. p. 401. 
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Fe 
Ni 
vi a O--— C=o 
Oo=C C=O | 
Cee 
| | C 
@.. © I 
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In that case the molecular refraction due to each CO would 
be, from the nickel compound about 11:9, and from the iron 
compound about 11:3. 

Although the atomic dispersion of nickel or of iron has not 
yet been definitely measured, it cannot greatly exceed 0°5 for 
y—a. Itis evident therefore from the figures for the disper- 
sion, viz.. Ni(CO),=5°9, Fe(CO);=6°6, that the molecular 
dispersion of each CO must be about the same in these two 
compounds, viz. 1°3, or thereabouts. 


Il. Iypium anp GALLIUM. 


In 1885 I calculated the atomic refraction of indium and 
gallium from determinations of the refraction of certain 
alums made by M. Charles Soret. Very shortly afterwards 
he published another paper giving fresh and additional values 
for alums containing these metals *. 

For indium the available data are derived from rubidium 
and ceesium indium alums, and for gallium from no fewer 
than five compounds, viz., potassium, rubidium, cesium, 
thallium, and ammonium gallium alums. Calculated from 
these data, I find as mean values for the atomic refraction of 
these two metals the following :— 


| Metal. Atomic Weight. ae Be 
| 

Indium w...seeeee. 113-4 0121 13-7 

Pin aang! 69:9 | 0:166 116 


* Archives Sc. Ph. § N. Geneve, xiv. p. 96. 
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These no doubt are nearer the truth then the higher figures 
previously given, though they must still be looked upon as 
only approximate. In regard to the atomic dispersion of 
these metals, the new observations quite confirm the previous 
remark that the order is “iron far the highest, chromium, 
indium, gallium, and aluminium lowest.’’ 


Ill. Sunpuor. 


In the following Table is given the atomic refraction of 
sulphur, either uncombined, or in very simple combination:— 


| D 
Condition. Aen Saeelisttcerliis Paes OF Hilo Eh 

SOlIGmE Socccateeee ol lester: 157 16-0 
Piquid’.....55+50-% 15984) eee. 16:47 
GARBOGN nas csccandloutat sie TG eee Sak 
invsolatron') S15. 15:5 15°7 16:0 16:7 17-3 
From OS, 158 16-05 16:3 17:05 Wr 18:4 

PURO es resell) Sascnse- 15:8 16-0 

A AS )S iia eer 15-9 16:1 

i eae 1635 | ou... 


Sulphur in the solid condition is deduced from the observa- 
tions of Descloiseaux and other physicists; but as the crystals 
of sulphur give three different indices of refraction for the 
same ray, the arithmetical mean of these three indices has 
been simply taken as the basis of calculation. 

Sulphur in a liquid condition is from ithe observations of 
myself and the late Pelham Dale. It agrees, as far as D is 
concerned, with a determination by Becquerel. R,=16°86. 

Sulphur in the gaseous condition was determined by Le Roux 
in 1861. The specific refraction was calculated out by me 
shortly afterwards, and recently by Nasini and Costa*, I 
give their number for the atomic refraction in the Table. 

The sulphur in solution is from five determinations of this 
element dissolved in carbon bisulphide which I made some 
years ago with another object, and which have never been 
published. The solutions contained from about 22 to 27 


* Universita Inst. Ch. Roma, 1891. 
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per cent. of sulphur. Two determinations of somewhat weaker 
solutions were lately published by Nasini and Costa, and were 
practically identical with mine. The refraction of 17°3 for 
the line y is deduced from their figures alone. 

The four last lines give the values of sulphur reckoned 
from its simplest compounds. ’ 

In the case of bisulphide of carbon the figures in the Table 
are derived from my own most recent observations, which 
agree closely with those of other observers. The deduction 
made for the atom of carbon is 5:0 for the line A, 5°26 for 
the line H, and proportional numbers for the intermediate 
lines. 

In the case of bichloride of sulphur the calculations have 
been made from the observations of Costa; and in that of 
chloride of sulphur from those of Haagen, Becquerel, and 
Costa, which fairly agree. The refraction due to an atom of 
chlorine is assumed to be 9:95 for the line C, and 10:05 for 
the line D. Costa, in treating of these substances, has adopted 
a slightly smaller value for chlorine. 

In the case of the bromine compound the sulphur is cal- 
culated from Becquerel’s observations, taking the value for 
bromine at 15°35. 

The figures for sulphur derived from these various sources 
are very similar. I doubt, however, whether the sulphur 
dissolved in bisulphide of carbon and the sulphur which forms 
part of that compound do exert exactly the same influence 
upon the rays of light. If we were to reckon the value of 
carbon in bisulphide of carbon by deducting the value found 
for sulphur in solution, we should get for A, 836°6—31:0=5°6, 
a higher figure than we ever find for carbon in a saturated 
compound. The difference would be still greater if reckoned 
by Lorenz’s formula. 

The accordance of the dispersion as exhibited throughout 
the Table is worthy of notice. 

From the elaborate paper of Nasini and Costa, already 
referred to, it would appear that in some organic compounds, 
such as the xanthates, sulphur has at least the value of 16:0 ; 
but in the large majority of cases it has a distinctly lower 
value. In its oxygen compounds it is known to be far less 
refractive and dispersive. 


—_ 
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IV. Liquzriep Oxycen, Nrrrovus Oxipn, anp Erny.ens. 


In the recent paper of Professors Liveing and Dewar (Phil. 
Mag., Aug. 1892) they give determinations of the specific 
refraction of liquefied oxygen, nitrous oxide, and ethylene. 
It is, of course, possible to compare these interesting results 
with what theory would have led us to expect. The authors 
have themselves done so in the case of liquid oxygen at its 
boiling-point of —182° C. They remark that the refraction- 
equivalent, 3°182, which they found, differs but little from 
that deduced from gaseous oxygen at the ordinary tempera- 
ture, viz. 3°0316, and “corresponds closely with the refrac- 
tion-equivalent deduced by Landolt from the refractive indices 
of a number of organic compounds,” which was 3:0. It 
actually comes between the two values, 2°8 and 3:4, which 
were assigned by Briihl to oxygen in its different states of 
combination with carbon, and to which an intermediate value 
has since been added. 

Liveing and Dewar were able to determine the refraction 
of liquefied nitrous oxide for six different wave-lengths, the 
extremes being the red ray of lithium and G. These gave 
for = 02595 and 0°2691 respectively, and for the mole- 
cular refraction of the red ray 11:418, and of G 11°840. The 
molecular dispersion between G and the lithium-line is there- 
fore 0°422, which would indicate about 0°63 between H and 
A. Now it is difficult to say what the rational composition 
of nitrous oxide is, and therefore what its theoretical refraction 
and dispersion should be. Nitrogen in ammonia and its con- 
geners is reckoned at 5:1, in nitriles at 4°1; oxygen double- 
bonded is reckoned at 3°4, with two separate bonds at 2°8. 
We therefore, according to our theoretical views, might reckon 
nitrous oxide at 13°6, 13°0,11°6, or 11:0. The probability is 
therefore clearly in favour of the lower figure for nitrogen. 
As the dispersion-equivalent of nitrogen in ammonia is as 
high as 0°38, this would also seem to exclude the idea of the 
nitrogen in nitrous oxide being in the same condition as in 
ammonia. ‘This will probably be considered the most likely 
alternative also on chemical grounds. 
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On calculating Messrs. Liveing and Dewar’s numbers for 
liquid etbylene, we obtain the moiecular refraction of 17:2 for 
the line D. But Professor Dewar has kindly furnished me 
with a more recent determination of what he believes to be a 
purer specimen. The refractive index, at the boiling-point, 
for the line C is 1:3445, and for the line F is 1°3528, the 
specific gravity being 0°55. These figures give 17°53 as the 
molecular refraction for the line C, and 17:92 for the line F. 
These will indicate about 17°41 for the line A. The theo- 
retical value for ethylene, for the line A, is 17-4. 

Cee nate een LO 

ice r-sunatin eine eae 
Double-linking . . . = 2:2 
17-4 

The coincidence between experiment and theory is very 
striking. 


PROCEEDINGS 
AT THE 
MEETINGS OF THE PHYSICAL SOCIETY 
OF LONDON. 


SESSION 1892-93. 


February 12th, 1892. 
Prof. W. E. Ayrton, Past President, in the Chair. 


Mr. W. R. Bowsr and Mr. E. Epszr were elected Members of the 
Society. 

Professor 8. P. THompson, F.R.S., communicated a Note on Supple- 
mentary Colours. 


February 26th, 1892. 
Prof. W. E. Ayrton, Past President, in the Chair, 


The following communications were made :— 

‘*On Modes of representing Electromotive Forces and Currents in 
Diagrams.” By Prof. 8. P. THompson, F.R.S. 

“On the Flexure of Long Pillars under their own Weight.” By 
Prof. M, FirzGeraxp. 


bo 
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March 5th, 1892. 
Prof. S. P. Tuompson, Vice-President, in the Chair. 
Miss L. E. Watrer was elected a Member of the Society. 


The following communications were made :— 


“‘ Note on the Electromotive Forces of Gold and Platinum Cells.” 
By Prof. E. F. Hrrroun. 

“A new Instrument for showing the effect of Persistence of 
Vision.” By E. Sruarr Bruce, M.A. 

“Some Electrical Instruments.” By Mr. R. W. Paut. 


March 11th, 1892. 
Prof. A. W. Ricker, Vice-President, in the Chair, 
The following communications were made :— 


“4 Thermodynamic View of the Action of Light upon Silver 
Chloride.” By H. M. Expzr, M.A. 
“On Choking Coils.” By Prof. J. Perry, F.R.S. 


April 8th, 1892. 
Dr. J. H. Guapsrone, Past President, in the Chair. 


Mr. C. T. Mircuett, Barrister-at-Law, was elected a Member of 
the Society. 
The following communications were made :— 


“On the Construction of a Colour-Map.” By W. Bary, M.A. 
«« 4 Mnemonic Table for changing from Electrostatic to Practical 
and C.G.S. Electromagnetic Units.” By W. Grerp, M.A, 


“On the Law of Colour in relation to Chemical Constitution.” By 
Mr. W. Ackroyp. 


May 13th, 1892. 
Dr. E. Avxrnson, Treasurer, in the Chair. 
Mr. Gerrans was elected a Member of the Society. 
Tho following communications were made :— 
‘‘An Instrument for describing Parabolas.” By Mr. R. Pe 
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‘Some Electrical Instruments.” By Mr. F. H. Narper. 
“A Portable Instrument for measuring Magnetic Fields.” By 
Messrs. E. Epsrr and H. Sransrrexp. 


“On a Unit of Measurement of Light and Colour.” By Mr. J. W. 
Lovizonp. 


Mr. R. W. Pav exhibited a form of Wheatstone Bridge. 


Mr. Watrzur Barty, Vice-President, in the Chair. 


A communication, ‘On the Present State of our Knowledge of the 
Connexion between Ether and Matter,” was made by Prof. 0. J. 
Loner, F.R.S. 


June 10th, 1892. 
Mr. Watrer Barty, Vice-President, in the Chair. 
The following communications were made :— 
‘On some Points connected with the Electromotive Force of 
Secondary Batteries.” By Dr. Grapsronsg, F.R.S., and Mr. Hrezerr. 


“On Workshop Ballistic and other Shielded Galvanometers.” By 
Prof. W. E. Ayrton, F.R.S., and Mr. T. Marner. 


June 24th, 1892. 
Prof. A. W. Ricker, Vice-President, in the Chair. 


The following communications were made :— 

‘*On Breath Figures.” By Mr. W. B. Crorv. 

“On the Measurement of the Internal Resistance of Cells.” By 
Mr. E. Wyrue Sirsa. 

**On the Relation of the Dimensions of Physical Quantities to 
Directions in Space.” By Mr. W. Writrams. 

“On the Laws of Molecular Force.” By Mr. W. Surnertanp. 
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October 28th, 1892. 
Dr. J. H. Guapstrons, Past President, in the Chair. 
Mr. G. H. Wyarr was elected a Member of the Society. 


Discussions took place upon Mr. Wittiams’s paper “On the 
Relation of the Dimensions of Physical Quantities to Directions in 
Space,” and upon Mr. SurHertany’s paper “Onthe Laws of Molecular 
Force ;” in the course of which communications were made, ‘‘ On the 
Determination of Critical Density,” by Dr. Youne and Mr. Txomas, 
**On the Determination of the Critical Volume” and “On the 
Boiling-points of Different Liquids at Equal Pressures,” by Dr. 
Youne. 


November 11th, 1892. 
Mr. Watrer Batty, Vice-President, in the Chair, 
Mr. Porter was elected a Member of the Society. 


The Discussion on Mr. Wrttiams’s paper “On the Relation of 
the Dimensions of Physical Quantities to Directions in Space” was 
continued. 


November 25th, 1892. 
Prof. 8. P. Taompson, Vice-President, in the Chair, 


Messrs. T. G. Fry, A. G. Bessemer, Junior, and E. F. Fournier 
D’Axze were elected Members of the Society. 


A communication on “Experiments in Electric and Magnetic 
Fields, constant and varying,” was made by Messrs. E, C, Rimineron 
and Wyre Smirx. 
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December 9th, 1892. 
Mr. Watrer Barty, Vice-President, in the Chair. 


Major H. E. Rawson, R.E., was elected a Member of the Society. 


The following communications were made :— 


‘On the Spectra of various Orders of Colours in Newton’s Scale.” 
By W. B. Crorr, M.A. 


“On the Diffusion of Light.” By Dr. W. E. Sumpynr. 


January 13th, 1893. 
Prof. G. F. FrrzGrratp, President, in the Chair. 
Mr. Haserroor was elected a Member of the Society. 


A communication on ‘“ Science-Teaching” was made by Mr. F. W. 
SANDERSON. 


January 27th, 1893. 
Mr. Watter Batixy, Vice-President, in the Chair. 
Mr. T. W. Morton was elected a Member of the Society. 


The following communications were made :— 


“‘On Japanese Magic Mirrors.” By Prof. 8. P. Toompson. 
‘On the Functions of the Retina.” By Mr. W. F. Srantey. 
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Annual General Meeting. 
February 10th, 1893. 
Mr. Watror Batty, Vice-President, in the Chair. 


The following Report of the Council was read by the Chairman : — 


Since our last General Meeting there have been held fifteen 
ordinary business Meetings, in every caso at the Laboratory of the 
Royal College of Science in South Kensington. As in the previous 
Report there was one, so now there are two more meetings to 
record than formerly was wont to be the case. This has been con- 
trived by holding a meeting in October, though November has 
hitherto been the month for recommencing the meetings after the 
summer recess, and an extra meeting in January. 

The Council has to mention the following deaths among the 
Members of the Society :— 

The Rey. T. Permam Darz, M.A.; Mr. Bensamin Lorwy, F.R.AS., 
one of the original Members of the Society; The Duxr or Marr- 
BoroveH ; Mr. C. EK. Watnuck; Mr. C. THomeson; Mr. P. W. 
Wittans; Dr. Hirst; and on the 8th instant Mr. G. M. Wurprte, 
Member of our Council. 

A new departure has been made which entails very much greater 
Secretarial work than heretofore. Most of our papers are now 
printed before being read, numerous proofs are sent to Members, 
and proofs and invitations are often sent to other scientific men 
who are likely to add, by their remarks, to the value of the 
discussions. 

The numbers of the Society now amount to 371 Ordinary and 
12 Honorary Members. 


The following additions have been made to the Library during 
the year 1892-93 :— 


Newspapers and Magazines :— 


Nature. 

The Electrical Review. : 

Engineering, 

The Electrician. 

Electrical Plant. 

Ingeniero y Ferretero Espafiol y Sud Americano. 


a 


— 
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Cronica Cientifica. 

The Open Court. 

Invention. 

The Philosophical Magazine. 
Beiblitter der Physik. 
Annalen der Physik. 
Journal de Physique. 


Journals of Societies, British :— 
Proceedings of the Royal Society. 
Journal of the Society of Arts. 
Journal of the Institute of Electrical Engineers. 
Memoirs and Proceedings of the Manchester Literary and 
Philosophical Society. 
Quarterly Journal of the Royal Meteorological Society. 
Proceedings of the Institute of Mechanical Engineers. 
Proceedings of the Birmingham Philosophical Society. 


Journals of Societies, Colonial :— 


Geological and Natural History Survey of Canada. 

Proceedings and Transactions of the Nova Scotian Institute of 
Natural Science. 

Hong Kong Observatory Observations. 


Journals of Societies, Foreign :— 


Proceedings of the Academy of Natural Sciences, Philadelphia. 
Journal of the Physical and Chemical Society of Russia. 
Mémoires and Séances of the Physical Society of France. 
Journal of the College of Science of Japan. 

Bulletin International de l’Académie des Sciences de Cracovie. 


Books, Sc. :— 


North Atlantic Expedition. xxi. 
Catalogue of Books added to Radcliffe Library, Oxford. 1891. 
Sinopsis Mineralogica, by Carlos F. de Landero. 
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The Rev. T. Petuaw Darn, M.A., was a son of the Rev. Thomas 
Dale, the well-known Canon of St. Paul’s. He was born at 
Greenwich in 1821. He distinguished himself at Cambridge in 
the Mathematical Tripos, and became. a Fellow of Sydney Sussex 
College. From 1847 to 1881 he was Rector of St. Vedast, Foster 
Lane, with St. Michael-le-Querne, in the City of London. In con- 
sequence of an action taken against him by his Churchwardens on 
a matter of ritual, he was committed to Holloway Prison for 
disobedience to the decision of the Court of Arches. On his 
release he retired to the quiet parish of Sansthorpe, in Lincolnshire, 
where he died last April. He was a man of varied attainments, 
and much interested in Mathematical and Physical Science. In 
early days he was occupied for a while in an engineer’s workshop, 
and gave popular lectures and contributed to the ‘ Mechanics’ 
Magazine.’ In later life he was a Fellow of the Royal Astro- 
nomical Society, and served on its Council. About thirty-five years 
ago he took up the study of the Undulatory Theory of Light, and, 
in conjunction with Dr. Gladstone, he published several papers upon 
the subject of the Refraction of Light, two of which appeared in the 
‘ Philosophical Transactions’ for 1858 and 1863—one was on the 
‘“‘ Influence of Temperature”; the other, ‘‘ Researches on the Refrac- 
tion, Dispersion, and Sensitiveness of Liquids.” In later years he 
reverted to the subject in several papers communicated to this 
Society. ; 


P. W. Wiirans, M.Inst.C.E., was killed suddenly on the 23rd 
May, 1892, at the age of 41, by being thrown from his carriage. 
Soon after his apprenticeship ended in 1874 he invented his famous 
high-speed steam-engine, and in the improvement and manufacture 
of his engines since that time he discovered for himself, and taught 
to mechanical engineers, many important matters in the application 
of thermodynamical principles; and there is a perfectly general 
acknowledgment among members of his profession that in doing this 
and in other ways his services to the steam-engine were as great as 
those of any man of this century. Electrical engineers in especial 
are under obligations to him. 

Mr. Willans had excellences of ability and character rarely found 
united in one man. His perfect engineering training and clear- 
headed judgment enabled him to select and utilize whatever was 
valuable in the results of his long and costly thermodynamic 
researches. He will long be remembered for his courtesy and kind 


PROCEEDINGS OF THE PHYSICAL SOCIETY. 9 


heart. He was never so happy as when assisting others less gifted 
than himself. 


Dr. Tuomas Arcuer Hirst, F.R.S., F.R.A.S., who died on the 16th 
February, 1892, at 7 Oxford and Cambridge Mansions, W., was born 
in 1830 at Heckmondwike, Yorkshire, and early in life made the 
acquaintance of Professor Tyndall, and acquired those tastes for 
mathematics, physics, and chemistry, which enabled him to occupy a 
distinguished position in the scientific world. He carried on studies 
in these subjects at Marburg, Hesse-Cassel, Géttingen, Berlin, and 
Paris, and during his career he held many appointments, and gave to 
the world a number of important writings on scientific subjects. In 
1861 he was elected a Fellow of the Royal Society, and he was also 
one of the original Members of the London Mathematical Society, 
which was founded in 1864, under the presidentship of Professor 
De Morgan, by students of University College. He was a Member 
of its Council continuously from 1864 to 1883, was Treasurer for 
several years, and its President from 1872 and 1874. In 1865 
Dr. Hirst was appointed Professor of Mathematical Physics in 
University College, London, which chair he held until 1867, when 
he succeeded De Morgan as Professor of Mathematics in that College. 
In 1870 he accepted the newly created appointment of Assistant 
Registrar in the University of London, in consequence of which 
he resigned not only his professorship, but shortly afterwards his 
general secretaryship of the British Association, an office he had 
filled since the meeting at Nottingham in 1866. Early in 1873, 
when the Royal Naval College was founded at Greenwich, he 
became director of studies, and held the post for ten years. Since 
his health obliged him to retire from his position at Greenwich, he 
has passed several winters abroad. He has, however, published 
since then several papers, which have appeared in the ‘ Proceedings’ 
of the Mathematical Society of London. Dr. Hirst was three times 
a Member of the Council of the Royal Society, and twice one of its 
Vice-Presidents. In 1883 one of the Royal Medals was awarded to 
him. He was, too, a Fellow of the Royal Astronomical Society, 
an ex officio Member of the Council of the British Association for 
the Advancement of Science, an Honorary Member of the Natur- 
forschende Gesellschaft at Marburg, of that of Halle, of the Société 
Philomatique, Paris, and of the Philosophical Society, Cambridge. 
He served for some years on the Council of University College, 
London, and in 1882 was made a Fellow of the University of 
London. 
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The death took place on the 8th of February, 1893, at his residence 
in Richmond, of Mr. Grorcr Marnews Wuirrts, Superintendent of 
the Kew Observatory. Mr. Whipple had suffered from a painful 
internal complaint, but until a fortnight ago he was approaching 
convalescence, and his death was therefore unexpected. He was 
50 years of age. He entered the Kew Observatory in 1858, and in. 
1862 became magnetic assistant. In 1866 the first set of results of 
sun-spot measurements was published, under the title of ‘ Researches 
on Solar Physics.’ Most of the measurements were Mr. Whipple’s, 
and subsequent editions of the work were under his direction. 
Mr. Whipple made a special study of wind-force and wind-velocities. 
He was, throughout the greater part of his life, constantly carrying 
on experiments with a view to determine wind-force, and to find 
out what were the best instruments for securing accuracy of results. 
In 1874 he made a series of experiments at the Crystal Palace, with 
the object of finding the constants of Robinson’s anemometers ; these 
were afterwards continued in another form, in conjunction with 
Mr. Dines. Mr. Whipple designed the apparatus used for testing 
the dark shades of sextants and other optical instruments; and 
also introduced several improvements in the Kew pattern magnetic 
instruments. In 1873 he was engaged with Captain Heaviside in 
making a series of pendulum-experiments to determine the force of 
gravity. In 1581 these experiments were repeated in association 
with Major Herschel, F.R.S., and in 1888 with General Walker, 
F.R.S. He contributed a number of important papers to the 
Royal Society. He was appointed Superintendent of Kew Obser- 
yatory in 1876, and for the past 16 years he has also contributed 
results of investigations to the Royal Meteorological Society and to 
photographic publications. The magnetic part of the report of the 
Committee of the Royal Society which met to discuss the Krakatoa 
eruption and the subsequent phenomena were written by him. 


The adoption of the Report was proposed and passed unani- 
mously. 


The election of Officers and other Members of Council then took 
place, the new Council being constituted as follows :— 


President.—Prof. A. W. Ricker, M.A., F.R.S. 


Vice-Presidents who have filled the Office of President.—Dr. J. H. 
Grapstone, F.R.S.; Prof. G.C. Fosrmr, F.R.S.; Prof. W. G. Apams, 
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M.A., F.R.S.; The Lord Ketvin, D.O.L., LL.D., P.R.S.; Prof. R. 
B. Cuirron, M.A., F.R.S.; Prof. A. W. Rernorp, M.A., F.R.S.; 
Prof. W. E. Ayrron, F.R.S.; Prof. G. F. Frirzesraup, M.A., 
BRS: : i 


Vice-Presidents— Water Barty, M.A.; Major-General E. R. 
Festine, R.E., F.R.S.; Prof. J. Perry, D.Sc., F.R.S.; Prof. 8. P. 
Trompson, D.Sc., F.R.S. 


Secretaries—H. M. Exper, M.A.; T. H. Buaxestzy, M.A., 
M.Inst.C.E. 


Treasurer.—Dr. K. ATKINSON, 
Demonstrator and Inbrarian,—C. Vernon Boys, F.R.S. 


Other Members of Council—Suetrorp Brower, M.A., LL.B., 
F.R.S.; L. Frercuer, M.A., F.R.S.; Prof. G. Furire; Prof. O. 
Hewrict, Ph.D., F.R.S.; Prof. J. V. Jones, M.A.; Prof. G. M. 
Mincuin, M.A.; Rev. F. J. Smrra, M.A.; W. E. Sumpnnur, D.Sc. ; 
J. SwINBURNE; JAMES WIMSHURST. 


Votes of thanks were passed to the Lords Committee of the 
Council on Education ; to the Orricers; and to the Avpirors. 


"sLogup iy 


& LI sc6g 


6 «I 9 


OT €1 99¢ 
1-0 
9 IT SéF 


{ ‘aa 


& 1 t 


699 
€ 81 IeP 


9 6 
9 IT O&T 


LLOUL AVATHd SHAONVXH TV 
‘Mac Ta ‘W AVUVH 


001109 pUNOF puv poyIpNy 


Herewerreees UOSMIEgy ‘AC 
*  AopSoRV[ “IPT 
Sen apTE ANT 
—yseg 40g 
‘yuRg Ul soueleg 
“ee sogreyQ yur 


nowbonsopenncenontongpcogonssoer aqNoeeoone ee epUapIAIC: 8sarT 
SBBOCODCECOSPAICCOSOAG Witreerstererinss $Q0ag QOOIO} 
-otg Tengodseg “yua0 sed F pue[pIy szeF JO oseyoung 
7 sreeereeeerss qu Stry OLTOO TE 
sosuodxe Aqjad pue eoroe qe souepueyy 
Peer ecw rcmeiraeeeu recast: streeenevessssecesovesreeses oeeee Seri zodagy 
teeeeeee Ere eeted. sey oh WG, Ath bts 
se teerenseceeeres srereereeee(STBOIPOILAT) 098.10 Ky puB SULVITILAA 
eteseeeeseeesessesaeees cues sestececereseeneneeee( Supa) pavsse yy 
secede ee ee een eeeseetenereeeee been e nee ne nese ese neee “o- (Surpurg) epg 
Peete rere rere ree erery pcre aoa eee STAT LCL SNOOULT[IOSIPL 
Hrttcsseesesneeeserres gordon aquredes ,e1oqula yy 
SPO os odes Baacs “s-s-sSurpaav0ag JO ‘oy oSeysog 
cisnt tuestanelentear cau seeoenesness “es srOTUOT TROISAT 
Sh cre srreeerrerene(e pure “e % syed) “It ‘Toa ‘sSurpaso0r1g 


— spurig puev ropkvy, 
pourmjor suoydiosqng sseaxqr 
“* TOMSBedyT, OJ onp souvleg 

“0 


& LI 896F 


9T 


G68L ‘fF avnaqay 


IIINSVILT, OF BNp vouBl[eg 


“STOW pue ‘syoog ‘ssurpaeoorg jo avg 


Q ttt BT QUIODUT S89] “YO0¥g “quedo aed Ze 
SoeM YNoG MON StegF uo puoprrq satvet oug 


Ga Rech eska sens * XBT, SULOOUT SSoT “YOOIG SYIO AA 
jo pavog uvypodoyey oocF UO pueplaiqg 8.avek 9uGQ 
aq reese “ xey, oULODUT SsoT ‘YOO}g aouoe 
-alg nee aad F PuvTPEN Glog WO pueprlarg 8,tvad 9uGQ 
Jo eeteeesseetseetneereeseseneees XB], OMODUT S89] “YO0Ig 
muoTye10d.109 SET OOF WO pueprarq s,cved auC 
Chel CROs teres XBT QULOOUT SS9T “909g ammguaq 
-aq “yueo oe p ssouIny QOPF UO puspraig s,1wok auCQ 
gout Daaisaecneeetie ce tavecresie seesereeres geQr “ 
QT i itrisieeneeeemnrtiees 2eo7 “ 
14 ee ARO e eer me new ee eee 1681 te 
oes coponbe i003 dhbocacbobeonseeot cctaan 06ST “ 
Sy Coudbbobeecant hice soot aLOFOY PUY ESET IoJ suorydraosqug 
08 we eee eee PoC UCPC ee eee eee cee eee es wee suoTytIsodu0g ayy 
el” Besta sesce etre arsbateast avers Hoe ga9g-oouRaqag 
es pepeerersiss G6S1 ‘T Axenuvp queg ut surly 
F oe 


"GEST “ISTE UAANHOA OL ‘ZEST “IS, AUVANVE WOU ‘AIMINOY IVOISAHG AHL HLIM INQOOOW NI wadaAsvaUy, THY, 


( UAOLOUL WYHITGd WHAONVXA'IV 


“sLogupn ; ; 
Bas, WACTS W AWAVH 

‘q9a1400 PUNO} puv poeytpny 
6 BI SkGeF 
ha gies area nt etnies atte 
0 0 9 PETER UTEET A JOTUBAPL ul suoydraosqng 
p % F 


“SAILITIAVIT 


ne 


“GOST ‘p Aaeniqag 


6 GI 88acF 

SDA GZ See tee Yoo}g “quoted Fg sope MA YINOG MON LHCSF 
0 0 “ ¥90}G ‘quod ted F UOTYVAod10H ToJsVOULT KOCF 
Op WO) YA * Yoog sytOAA JO plvog ueypodoaop OOF 
9 TL GLOL 777 YOOIG eouesejorg “yuoo sod F puvyppr OOGF 
OnOn OSes yoodg oangueqedy ‘yueo sed F ssouny onRe 
gy Ty (WG 7S “ss gonpoad 0} poyeuryse ‘onp suordraosqng 
Ol &1 992 soueueehu as concer Wess ge eee Heo yuver UT eouepeg. 
Jue NS Ee 

‘SLOSS VW 


‘ZERl ‘Te waawaorq ‘ALAIOOS TVOISAHd AHL JO LNAOOOV ALAAdOUd 


me It 
v g . { H 
: 2 
' 
i 
& tf 
: > 
y 3 
— a. 1 
: 
aa f 
_ 
= a j? 
male 
yet 
o 
als : 
- 
_, fl 
a 
~ 
—_— 
—_ 
if v4 a 
‘ 
— 
a 
7 ~* a 
sé > a. a 
24 Se 
= : — 
. ‘al a = 
! - an oe 
4, 
a 
. 
ry a 
7 
, G 
; ‘ 
—_ 
— 
1 = , 
— 
’ ‘i 
, i 
eee . 
= zz 
* 
’ 
. * 
Poe 
- 
—_ 
- hes 
ae 
i) J a 
— 
h , 
j 
, 


